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Application

The deflection in structural
members and the moment acting
on an area behind a dam are
examples of analyses requiring
the moment of inertia.

. _____________________________________________________|
Introduction
» Previously considered distributed forces which were proportional to the
area or volume over which they act.
- The resultant was obtained by summing or integrating over the
areas or volumes.
- The moment of the resultant about any axis was determined by
computing the first moments of the areas or volumes about that
axis.

+ Will now consider forces which are proportional to the area or volume
over which they act but also vary linearly with distance from a given
axis.

- It will be shown that the magnitude of the resultant depends on the
first moment of the force distribution with respect to the axis.

- The point of application of the resultant depends on the second
moment of the distribution with respect to the axis.

* Current chapter will present methods for computing the moments of
inertia for areas and masses.




Moment of |nertia * Consider distributed forces AF whose magnitudes

are proportional to the elemental areasA4on which
Of an Area they act and also vary linearly with the distande4of
from a given axis.

e Example: Consider the net hydrostatic force on a
submerged circular gate.

AF = pAA

The pressure, p, linearly increases with depth
pP=7, 80

AF =yAA, and the resultant force is

R= Y AF =y[ ydA, while the moment produced is
all AA

M, =y ysz
* The integral | y dAs already familiar from our study of centroids.

¢ The integral fyz dAis one subject of this chapter, and is known as the area
moment of inertia, or more precisely, the second moment of the area.

M.O.I by |ntegration * Second moments or moments of inertia of

an area with respect to the x and y axes,

I,=[y*dd  I,=[xd4

|+ Evaluation of the integrals is simplified by
d-yis  ay-vas ©  choosing dA to be a thin strip parallel to

y one of the coordinate axes.
dA =ydx

* For a rectangular area,

dx x
dI, =x*dA

h
I, =[y*d4=[y’bdy=1bn’
0

y * The formula for rectangular areas may also
be applied to strips parallel to the axes,

dlxz%y3dx dlyzxsz:xzydx

dr, = %y%‘lx
——b — dr, = 2y dx
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Polar Moment of Inertia

¢ The polar moment of inertia is an important
parameter in problems involving torsion of
cylindrical shafts and rotations of slabs.

Jy=[r*d4

¢ The polar moment of inertia is related to the
rectangular moments of inertia,

J, :jrsz =I(x2 +y2)fZA =Ix2dA+jy2dA
:Q+Q

Radius of Gyration of an Area

y * Consider area 4 with moment of inertia
' I.. Imagine that the area is
concentrated in a thin strip parallel to
the x axis with equivalent /..
I
Io=kid k=%
X X X A

k.= radius of gyration with respect
to the x axis
* Similarly,

I
_ 72 _ Y
Iy=kpd  ky =\~
Jo=k34 k=70
4

kb =ki +k;




Sample Problem 9.1

Determine the moment of
inertia of a triangle with respect
to its base.

SOLUTION:
A differential strip parallel to the x axis is chosen for
dA.
dl . =y*dA dA=1dy

» For similar triangles,
1l _h-y h-y

1=p1=Y  =pl=r g,
b h h h

e Integrating dI fromy=0toy =h,

h h_ bh
I=[ydA=]y b2 "L ay="1(hy* -y’
=1y {)y Ty h(f)(y y)Jy

h
:b{hy}_y‘*} o
h 3 4 b x 12

Sample Problem 9.2

a) Determine the centroidal polar
moment of inertia of a circular
area by direct integration.

b) Using the result of part g,
determine the moment of inertia
of a circular area with respect to
a diameter of the area.

SOLUTION:

e An annular differential area element is chosen,
dJ, =u’dA dA =2rudu

Jo=1dJ, = f u2(27zudu)=2ﬂ'fu3du
0 0

‘]0 = %7’4
¢ From symmetry, [, =1,
V4
Jo=1,+1,=2I, 5r“ =21,
T 4
Idiameter = Ix = Zr




Parallel Axis Theorem

¢ Consider moment of inertia / of an area A
with respect to the axis AA’

1 :Iysz

” / ' d;\ ¢ The axis BB’ passes through the area centroid
AN B and is called a centroidal axis.

[=]y*dd=[(y'+d)*d4
& = [y?dA+2d[y'dA+d*[d4

I=1+Ad? parallel axis theorem

Parallel Axis Theorem

* Moment of inertia /; of a circular area with

respect to a tangent to the circle,
ol IT=I_+Ad2=%7zr4+(7zr2)2
Nan /
K /d 1 r =2 zrt
; | ”

* Moment of inertia of a triangle with respect to a

D : D’ centroidal axis,
d'=2h ]AA,=_1_,5,3,+Ad2
j . € ; T _ 2_ 1 3_1 A
—r 5 Lyg =1,y —Ad*> =5 bh* =L bh(L 1)
¢

i 3
A - A =Lbh




Moments of Inertia of Composite Areas

» The moment of inertia of a composite area 4 about a given axis is obtained by adding the
moments of inertia of the component areas 4,, 4,, 45, ... , with respect to the same axis.

T 1
y y T=bl®
T 1
Ty=b%h Bl wlierd
I=+Dbh3 *TyEET
Rectangle T & Semicircle 14
1, =Lp3 Jo=3q77
*T 3
1
Jo =5 bh®? + )
1
. L=1,=-—nrt
1
Triangle Ly = 55 bh® Quarter circle : ly ;6
1= Lo Jo=35mr
L= %lmb3
) L=T,= 4rr - 1
Circle i Ellipse 1, = 77a%
To =5 rd 4
Io= %zmb(az +b?)
Axis X-X Axis Y-Y
Area | Depth Width i %, g I K, b3
Designation mm? mm  mm 106 mm# mm mm |105mm* mm mm
Y W460 x 113t 14400 | 463 280 554 196.3 633 663
W Shapes W410 x 85 10800 | 417 181 316 170.7 17.94 406
(Wide-Flange W360 X 57 7230 | 358 172 160.2 149.4 1L11 394
Shapes) X X | W200 X 46.1 5890 | 203 203 458 88.1 1544 513
Y
$460 X 81.41 10390 | 457 152 335 179.6 866 290
S Shapes S310%47.3 6032 | 305 127 90.7 122.7 390 254
(American Standard S250%378 4806 | 254 118 516 1034 283 242
Shapes) $150 X 18.6 9362 | 152 84 92 62.2 0758 1791
Y €310 x 30.8% 3929 | 305 74 537  117.1 1615 2029 17.73
C Shapes C250 % 22.8 2897 | 254 65 28.1 98.3 0949 1811 16.10
(American Standard r C200 % 17.1 2181 203 57 13.57 79.0 0549 1588 14.50
Channels) I C150 x 12.2 1548 152 48 5.45 59.4 0288 1364 13.00
X X
ll z
N
Y




Sample Problem 9.4 SOLUTION:

'__9 in. __I o * Determine location of the centroid of
) composite section with respect to a
coordinate system with origin at the
c centroid of the beam section.
14.10 in.

* Apply the parallel axis theorem to
determine moments of inertia of beam
section and plate with respect to

67T i composite section centroidal axis.
The strength of a W14x38 rolled steel
beam is increased by attaching a plate
to its upper flange.

* Calculate the radius of gyration from the
moment of inertia of the composite

section.
Determine the moment of inertia and
radius of gyration with respect to an
axis which is parallel to the plate and
passes through the centroid of the
section.
. SOLUTION:
9in. i
T“ ‘.I K * Determine location of the centroid of composite section
with respect to a coordinate system with origin at the
- centroid of the beam section.
14.10 in. 5 3
Section A,in y,in. | y4,in
Plate 6.75 7.425 | 50.12
Beam Section | 11.20 0 0
6.77 in. > A4=17.95 > y4=50.12
- -3
Yy A=Y 74 Y:M:mzz.mm.
24 17.95in




3in. » Apply the parallel axis theorem to determine moments of

. 4 e : . .
rﬁ 9 m-—'I_L inertia of beam section and plate with respect to composite

section centroidal axis.
T L peam section = L + AY > = 385+(11.20)(2.792)2
b =4723in’
— 2 3 2
l Lope =1, +4d* =5 O0)G) +(6.75)7.425-2.792)

C
1
S— ~1452 in*

I.=1

x x',beam section

+1

x',plate

=472.3 +145.2

x e+ Calculate the radius of gyration from the moment of inertia
of the composite section.

. 4
kx' _ I;;' _ 617.5in kx' =5.871in.

17.95in>

Sample Problem 9.5

SOLUTION:

¢ Compute the moments of inertia of the
bounding rectangle and half-circle with
respect to the x axis.

/

¢ The moment of inertia of the shaded area
is obtained by subtracting the moment of
inertia of the half-circle from the moment
— of inertia of the rectangle.

g ‘-——240 mim ——]
—T_

Determine the moment of inertia
of the shaded area with respect to
the x axis.




SOLUTION:
* Compute the moments of inertia of the bounding
rectangle and half-circle with respect to the x axis.

Rectangle:
I, =1bh’ =1(240)120)=138.2x10°mm"

9 Half-circle:
moment of inertia with respect to 44,

Ly =t m* =L 2(00) =25.76x10°mm*

A
a=38.2mm
e 8

b=81.8mm

. moment of inertia with respect to x’,

I.=1,,,-Aa*= (25.76x106X12.72x103)

_4r_(4)90) _
1=, 3, Conimm =720%10°mm*

b=120-a=81.8mm moment of inertia with respect to x,

_1.2_1 2 _
A=3m* =37(90) 1=, +4b*=720x10°+(12.72x10° Y81.8)
3 2
=12.72x10°mm —923%10°mm*

* The moment of inertia of the shaded area is obtained by
subtracting the moment of inertia of the half-circle from
the moment of inertia of the rectangle.

I, = 138.2x10°mm* - 92.3%x10°mm*

I, =45.9%x10°mm*






