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Materials used

* Chapter 3, Introduction to Robotics, Saeed B. Niku



Differential Motions of a frame

* E 3.5: Find the effect of a differential rotation of 0.1 rad about the y-
axis followed by a differential translation of [0.1, O, 0.2] on the given

frame B.
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Interpretation of the Differential Change

= [dT] represents the changes in a frame as a

result of differential motions.
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dn
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= The frame is moved and rotated by the amount [dT]
= {dn,do,da} components of [dT] = change in orientation
« {dp} component of [dT] = change in position



Interpretation of the Differential Change

* E 3.6: Find the location and the orientation of frame B of Example 3.5
after the move.

H'-'l-'!l' = Ii"'r:ﬂl.l.':hl -+ ﬁfH
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Differential Changes between Frames

s Differential changes between frames
= Diff. Op. A = diff. op. w.r.t. the fixed ref. frame = YA
= Another Diff. Op. TA = diff. op. w.r.t. the current frame
s Therefore, postmultiply [T] by TA
« [dT] = [A][T] = [T][TA] = [T]'[A]LT] = [T][T]["A]
[TA] = [T]'[A](T]

L [7:1 1 1
n, n. o a, p
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Differential Changes between Frames

‘n, n s (HL e n | 0 -6z oy dx|
il o, 0, 0, -p-o e o 0 -& dy
a, a, a, -p-a -0y & 0 dz
" , 0 0 0 0 0O 0 0 0
A=T AT & ) ) ) )
0 "oz sy Tdx| [n, n, n, -pn 0 -& & dx|[
' 0 -'x Tdy| |o, o, o, -po & 0 -& dy

Ty Tx 0 Tdz| |a, a, a, -p-a|-d&y & 0 dz
0 0 0 0 0 0 O 0 0 0 0 0

T§x=8-n
T8y =56-0
T§z2=10-a

Tdx=n-[6 xp+d]
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Differential Changes between Frames

* E 3.7: Find ®Afor Example 3.5.

n=[0,1,0] o=][0,0,1] a=[1,0,0] p=[10,5,3]
&=[0,0.1,0] d=1[0.1,0,0.2]

i j k
oxp=|0 01 0|=][0.30-1]

10 5 3

oxp+d=[030—1]+[0.1,0,0.2] = [0.4,0, —0.8]
Bix=n-[8 xp+d =0(04) + 1(0) + 0(=0.8) =0
fdy=o-[d x p+d| =0(0.4)+0{0) +1(—0.8) = —0.8
Blz=a-[6 x p+d| =1(0.4) +0(0) + 0(—0.8) = 0.4
Px=8-n=0(0) + 0.1(1) 4+ 0(0) = 0.1

By =8-0=0(0) +0.1(0) +0(1) =0
Ffz=8-a=0(1)+0.1(0) + 0(0) = 0



Differential Changes between Frames

0 =Tz Tay  Tdx|
T Lz () —T8x  Tdy

1 T — TA —
THAIM="8= |\ 5, 1 o Tar
0 il 0 0

Bd =[0,-0.8,0.4] and 5§ =[0.1,0,0]

0 0 0 0
BA — | o 0 —-01 —-08
|0 01 0 0.4
00 0 0




Differential Motions of a Robot and its Hand

Frame

= Differential Motions
= dI = AT = TTA : changes in the components of n,0,a,p

« Jacobian relates the joint micro—movements to the hand
micro—movement.

dx
dy
dz
OX
oy
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Calculation of the Jacobian

e 6 dof articulate robot arm

e Arm matrix

B Ty = A Az A4 4,

[ O (T 506 — SanBs)  Cl{—CagCs8s — 821 y)  C{Cana8s) 4+ 851G O Caggme + Cauins + Caan) |
S8 5 558,

S Cam Tl — Saafe)  S1—Comi G — SpaCa) S Cam8s) — O G 5{ iy + Cayay + Caz)

+ Sl =88
-5;14 C: c.-\. + C;“ S\.. —S; 04 E'-;S.. + C::u ::.. S; '.-l-'-'l-". 5;'14-“'4 + .:‘:31-013 + SE“E
il i [l 1
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Calculation of the Jacobian

« dp, = dx : use the chain rule

Py =6 ("23434 +Cpa; +6,4a, )

dp, = Px g + Px g, + -+ P g,

-

oo 0o, 0o,

.| [alemas+epas+eja,)]
Pyl_ 51(023434+"23a3+02a3)
P, | | Symay+5pas+sa,

B 1 - - 1 B

1
= —5,(C23,8, + €585 +€,2, )6, +¢ [_ S23484 =538 _S?a’]dez

6 [_ Syady — 52333](1‘93 TG [_ 523434](194

. the1* row of Jacobian:

op,
— =1, =—5,(C5348, + €525 + €12, )
0o,

-

?)7\ =Ju=¢ [_ 5'23434]

Y4
(jp_xz‘]ls:o
C 5

op

R
o6, °



Calculation of the Jacobian

P, | [alenas +epas +ca,)]
= dp, = dy : use the chain rule Py |_|silenaas +enas +eia,)
P: S23484 +853383 + 5,3,

dp—w‘d9+p’d8+ + Py 4
Y 08 o, o0, °

1
=c,(¢,5,, +055a, +c,a,)d6, +35, [— Sy5sdy — Sy 85 — 5232]d92
+5 [_ 513484 _52333](193 +5 [ 59344 ]d9
- the 2* row of Jacobian

ep,

cp.
y
C—:Jn:"1((’23434*'(’2333*"’232) 20 =50 =5i |~ 532484
'O 4
Py p

y : T
= :J22:51[_523434_52333_52?‘2] 0 =J,5=0
oles) o0
6p op.

- _ ¥.. _

— =]y = 51[ Sy34dy 57333] ——=1J,,=0
0o, 06,
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Calculation of the Jacobian

P, | [alemas+epas+ea,)
« dp, = dz : use the chain rule By |_|sensastexas +esa,)
P: S23484 + 59383 + 553,
P, =Sp343, T 53851 5,3, 1 1
C C C
dp, =—=2d6, + :PZ do, +-+ :Pz dé,
06, 00, - oo,

= [023434 TCyay+ Czazldgz ok [C234a4 +C2333]d93 + [(’23434] de,

- the 3 row of Jacobian:

o) o)

P- =J; =0 P :‘134:["7"434]
o6, 0o, =
P, ép
= :J33:[c’234a4+(‘2333+c’232] =— =J;5=0
oo, co;
op, °p,

=T :[C234a4+02333] =J3=0

00, Gl

14



Calculation of the Jacobian

s Ox, dy, 8z : rotationin T

s But, no unique eq. that describes the rotations about the 3
axes. S50, there is no single eq. for differential rotations about
the 3 axes. = different calculation needed

= Simple Formula [Paul] :

= The Jacobian w.r.t. T, (the last frame) is simpler to compute
than that w.r.t. the first frame. [Paul]

%8 || % [, ]
s — for the same joint differential motions, premultiplied with the

Jacobian w.r.t. the last frame, the hand differential motions
w.r.t. the last frame is obtained.

15



Calculation of the Jacobian

s Simple Formula [Paul]

[ Tedx
T dy

T dz

T,
o7

-

=3
Jll
T,
; Jll
Ts
J31
Ts
J41

T
: J51

T,
1 ! J61

T
; JIZ

T,
GJH

g 16
R 26
e 36
0 56

T,
’ J66

dé,
de,
de,
de,
dé;

J|_d66

Use i'IT‘S for the i® column of *J (T° J h)

st
17 column:

2™ column:
3* column:
4% column:
5% column:

6% column:

oTﬁ = A]A ')&AQA_.;.A gAﬁ

'T. = A A AAA,

2T, = A A AGA,

T = AL AN,
= Y
5T6 = A6

= 1n,0,a,p} matrix represented by any combination of T AW
used to calculate the Jacobian. (e.g., °Tg~ 5T)

= " revolute joint %1, =(-n,p, +n,p,) *I=(-0.p,+0,p,) "Iy =(a,p,+a,p,)

#g=n,

T,
6J5i g Oz

a8 ith prlsmath JO'nt : T‘Jh=llz Tng,'=oz TGJ?»i:aZ
TGJﬁ.‘ =0

y.=0

T‘J&=az
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Calculation of the Jacobian

e £3.10: Find the T6J11 and T6J41 elements of the Jacobian for the

simple revolute robot
RTH =AAAAAGA

(5 [

234

§334C5Cq T Ca3456

For the i® revolute joint, by eq(3.25)

Ts _ Ts _
Jy=n, I5=9

Substituting 1=1,

T,
Iy = (— n.,p,+n,p, )= _[‘-’1(_0234‘-’506 = 333456)‘513506]’< [31("23434 +Cxpas; +6a, )]

+ [51("334"5"6 — 55345 )+ clsss6]x [‘-’1 (023434 +Cpa; +065a, )]

= 55C5(Ca34a4 + €325 + 02,

T,
*Ja =1, = 5334C5C6 + €345

CsCs —523456) G (— C134€5C5 = 523456 )
51(6234C566 — 533456 ) 51(_ C135C5Cs —5:3456)

—8334C5Cs + Cp34Cs
0 0

z

G (62345 ;)

+ 5,5

si(€2s85) 5y(c2

S23455

0

2344

T,
6J'6i = az

€(€2484 +C338; +622,)|

+c,.a.+c,a,)
VL s | & &

Sy34@y +55:;25 5,4,

1

A Jh = (_ nxpy +nypx) A Jli == (_ Oxpy +prx) h J3i = (_axpy +aypx)

o O O

N

o

Px
Py
P.
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Calculation of the Jacobian

SCARA Manipulator

Link | a; | a; | d; | 6;
I la| 0 [0«
2 as | 180 | O | %
3 0 0 +* 0
! 0 0 | dy| =

* joint variable




Jacobian of SCARA Manipulator

1 —s81 0 a1e
o 81 1 0 (1151

Ar = 0o 0 1 0

0 0 0 1

f2 89 0 aaee
82 —Ca 0 g 59

Ad2 = | g o -1 0
0 0 0 1
1 0 0 0]
01 0 0

A = 19 0 1 ds
00 0 1 |
[ ey —sq4 00 ]

B g4 o4 0 0

Ay = 0 0 1 dy

0 0 0 1 |




Jacobian of SCARA Manipulator

C, -S, 0 C.C,+S,5, SC,-CS, 0 a,C,
AA :| S4 C 0 A2A3A :| 82C4 _C284 —C2C4 - Sz S4 0 a, SZ
"t lo oo d 4 ‘ 0 0 -1 —d,—d,
dol 1 0 0 0o 1
0
I_C12C4 +3,,5, S,C, —C.S, o aC + aZC12—|
AAAA —| SpCi—CpS, —CpC—S,S, 0 &S, +a,35, |
12 3 4 0 1 —d,—d,
0 0 1 J




Jacobian of SCARA Manipulator

e i revolute joint : r"J._; =(- n.p, fll._,})x’ % Iy = |- o.p, +0.p.) % T =‘~.'|,_pﬁ 0;\,p‘)
T'Jh =1, T'J:‘.:o, T'J,‘ =a,

o M prismatic joint ! Ty, Ty -5 Ty =a

Since the first joint is revolute: (Consider A;A,AzA,)

i = —(CuCy + 5,8, ) (@S, + 3,5y, )+ (aC, +a,C1, )(S1,Cy —CiiS, )
Ju=-C(6+6,-6,)(aS,+2,5,)+S (6 +6,-6,)(aC, +a,Cy,)
Jy=a[S(6+6,-6,)C,—S.C(6+6,-6,)]|+a,[S(6+6,-6,)C,, —S,C(6+6,-6,)]
Ju=aS(6,-6,)-2a,5,

3y =-S(6,+6,-0,)(aS,+2,5,)-C(6,+6,-6,)(aC +aC,)
Iy =-a[S(6+6,-6,)8,+CC(A+06,-6,)]-2,[S(6+6,-6,)S, +C,.C(6,+6,-6,)]
J =-a,C(6,-6,)-a,C,



Jacobian of SCARA Manipulator

« " revolute jOint . I’J;; =(- n.p, fn\.p,' I’.‘_x, =(—o‘py vo‘.px]

Ty

=(—— “Kl‘)\ -“\P‘)
o T - o
Jy =10, ":-.—0: =a,

‘!'TEI
T Je‘

o Mprismatic joint : Ty —, Ty —o Ty —ga

w
—

o1
[HEY

(SR SR S
e
Il

o o O

D
ity
I
I
| —



Jacobian of SCARA Manipulator

« i revolute joint : I’J:; =(-n_p, + “\-Px' % Iy= ‘—o‘pv + o‘_px) Te Iy = (- a.p, oal,p‘)
Hio=n, BJ. =0, By =a,
o Mprismatic joint @ Ty =y %y =o, %J, =a,
By.=0 TJ.=0 M. =0

(Consider A,A3;A,)

J12 = —a, S4
Jzz = _azc4



Jacobian of SCARA Manipulator

) %1
n.p, +n,p; dy=o
T

e " revolute joint : %, =(-
T Jy=n
o i prismatic joint & Ty =y %y o=o,
%y, =0 "J: =C'_

(Consider A;A,)

N
w

w
w

[(6)]
w

SR S SR S A
&
Il

o O O —» O O




Jacobian of SCARA Manipulator

e " revolute joint 1 %5, =(-n
rl
Ja=n
o i prismatic joint & Ty =y %y o=o,
Ry, =0 TJ.=0

) 1=l
Py TP, o e o
T

(Consider A))




Jacobian of SCARA Manipulator

Hence
CTeax || a-18((92_(94)_3-284 —8,5, 0 0]
Tedy _ 0\ -a,C, 0 ¢ (d6, |
L dz a,C(6:-6) 32%4 0 1 0|[d¢
Tox | 0 0 0 0} dd,
LSy 0 0 0 0} dg |
| oz ] | 1 -1 0 1]




Relationship between the
Jacobians w.r.t base and the hand
frame

J, | ToR | 0 FT J,.

J 0 ORLJ

S n




How to relate the Jacobian and
the Differential Operator

s Jacobian vs. Differential Operator

« differential joint motions = J = D={dx, dy, dz, &x, 8y, 8z} =
substituted in A - differential transformation (dT=AT) —
upaate position/orientation of robot’s hand

i | e 0 -8 & dx|
dé, dy % 0 \ q
| oz -x dy
plpsg | R L A
Jacobian Matnix | d6&, | | & -0y O 0 dz
g |\ | & 0 0 0 0]
L __deé_ _‘SZ_J

« alternatively, differential joint motions — T6J — T8D={Tédx, Tédy,
T6dz, T65x, T68y, 765z} — substituted in TA — differential
transformation (dT=TTA) = update position/orientation of
robot’s hand



How to relate the Jacobian and
the Differential Operator

* Example 3.11 The hand frame of a 5-DOF robot, its numerical
Jacobian for this instance, and a set of differential motions are given.
The robot has a 2RP2R configuration. Find the new location of the
hand after the differential motion.

_ r's o0 00 0 Fde. ] [ 017
1 ¢ 0 35 :
2010 0 |d& | |-01
00 -1 3 2
T, = . I=l0 4 0 0 0| |ds,|=|005
g1 0 2
[ 0 101 0 |d& | |01
o0 0 0 1
-1 0 0 0 1] [d&]| [0
Q 3000 0017 [ 03 _
= 5o > 010 0)-01] |-015 00 -01 03
- I B D f0 0 0 —015
Dl=V][Ds] |0 4 0 0 0[/005|= -04| — A= 01 0 o 04
0 101 0f01) | 0 ;E'}ﬂﬂ_ﬂ'
-1 000 1] 0| |-01] -
0 0 -01 03 1 0 0 5 0 =01 0 0.1
0 0 0 -015]0 0 -1 3| |0 0 0 -015
dT: |=|AllT;: |= =
[4Te|= [2][] 010 0 -o04flo1 o 2/ (01 0o 0 01
0 0 0 o oo o 1] |0 o o o |
0 -01 0 01 1 0 0 5 1 -01 0 51
N P 0 0 0 -015| |0 0 -1 3 0 0 -1 285
S FUTEE T 0 0 01 0 1 20 lo1r 1 0 21
0 0 0 0 0 0 1 0o 0o 0 1



Inverse Jacobian

Inverse Jacobian

= |0 compute the differential velocities at the joints of the
robot for a desired hand differential velocities.

[D]=171[D,] 4
RS RN

“pl=["][D.]

R e SR O

= = The robot follows a desired path (inverse kinematics)
on a flat plane with a constant speed (inverse Jacobian).




Inverse Jacobian

s Problem

« T0 compute the inverse Jacobian in real—time ~ difficult (tim
consuming and computationally intensive)
s Sol. (2—ways)
=« 1) find the symbolic inverse of the Jacobian = substitute the
values into inv(J) to compute the velocities
« 2) substitute the numbers in Jacobian = invert the numerical
matrix by Gaussian elimination or LU decomposition
s Simpler Sol.
« Use the inverse kinematic eq.’s to compute joint velocities

= db._, o = differentiate{inverse kinematics} = J(dn.do.da.dp)




Inverse Jacobian

Simpler Sol. (inverse kinematics = inverse Jacobian)

PS5 —p,6=0 — letan'l[&] and 6, =6,+180°

p.S, =p,c; —>  differentiate both sides for d6,
dp.s, +p,cdé, = dp_vcl _p_vsldel = dal(.pxcl +PyS )= —dp,s, + dpycl
(/16\ e dp.s, +dp,c,

= (p : )
xcl-rpysl

3 a 2
Suslca, +Slav.)= Cpd, —> Ony=tan”| ——=——| and 6y, =6, +180
) ca, +sa,

—  differentiate both sides

Cpys(d6, +d6, +d8, ca,_ + slay‘)+ Syia [— 5,d6, +c¢da, +ca db, +slday]
=5,5,(d6, +d6; +d6, Ja, +c,,da,

5134[—slaxd01 +cda, +ca dé +slday]+ C,,da,

Crslca, + S5y )+ 5,340,

- {d8,+d6, +d6,)=




Inverse Jacobian

@

Simpler Sol. (inverse kinematics = inverse Jacobian)

2a,a;¢; —(chl'*'PySl C:3434);*'_(P 523434)2_3‘%—3; - 8, =tm1'1[si]
S5 —+\;1 a &
—  differentiate both sides
-2a, a;@@. 2(p, G +PyS; — c.34a41dpxc1 —p,5,d6, +dp_s, + p,,d6, +5,5,a,(d6, +dO; +d6, )]
" +2(p, —5,,a, )dp, —c,,,a,(d6, +d6, +d8, )]

B eq(2.70) : 52[(‘7333'*‘32)2+S§a§]=(csas+32XPz‘523434)—5333(PxC1+Py51‘623434)
—  differentiate both sides
c3d9 [qa +a~) +s a ]+s,[7 (c;a; +a, X 53a d9) +255¢ a2d9]
( 5;a;d6; Ap, — 553434 )+(c3a +a, [dp,_ Cy34a,(d6, +d8; +dE )]
—c;a; dé’a(pxc.'l-i-pys1 cma{ .sSa,[dpxc1 -p,5d6, +dpys1+pycld61+sz34a4(d93+d03+d64)]

cm(qax +.sla).)+:>'23~,az




Inverse Jacobian

s Simpler Sol. (inverse kinematics = inverse Jacobian)

— differentiate both sides
= s</q0; =s5a,d0 —cda +ca do +sda,

S = 34 (Clnx T .S'lll}_. )+ Cyygll,

—  differentiate both sides

06‘210:;: —Czy(C1nx +smn, 'Xde2 +d8,+dé,)

— 834 (— snd6 +cdn, +on d6, +5dn, )
— 5y, (d6, +d 6, +d8, )+ cypydn,



Inverse Jacobian

Example 3.16

The revolute robot of Example 2.25 is in the following configuration. Calculate the
angular velocity of the first joint for the given wvalues such that the hand frame will
have the following linear and angular velocities:

dxfﬂ = lin/sec dy/df = —2in/sec 8x/dt = 0.1 rad/sec

B, = 07, &, = 907, &5 = 07, Hy = 907, s = 07, 0, = 45°
a =15, a3 =15, a4y =5

D—H paramstars

= e d a o

1 e, 0 0 20

2 o 0 2, 0

3 0, 0 a; 0

4 0, 0 a, -90
¥ 5 | e | o 0o | <0

: 0, 0 0 0

4




Inverse Jacobian

Ty =AAAAAA,

_'fl {‘-'7334'35‘3.5 BEETY ) 51 '[_ Cr3qCsls —83af ﬁ) 51 '[‘-'733-135) 81 {‘-'7:34*"4 t+cya; +6a, }_

— 5 5:5C5 + 5,555, +5,C;5
51(€234€565 — 523455 31{_5334‘"5‘75_3:3456) 31{‘723455] silenias tepa; +6a,)
B + 0555, — 18555 — )€
$234€5C5 T Ca3454 52350505 T3y 523455 i34y T 53385 T 5,3,
| 0 0 0 1 |
n, o, a, p,| [-0707 0707 0 -3]
Ry _ n, o, a, py| 0 0 -1 0

" ln, o, a, p,| [-0707 -0.707 0 30
0 0 0 1] [ O 0 0 1]
0 -& & dx| [0 0 0 1] [0 0 0 1]

Ll T
| 0 0 0 0] |0 O 0 0 | 0 0 0 0 ]

dg, _—dp,s,+dp,e, _ —1(0)-5(1) =1 (rad/sec)

dt  (pee+pys)  —5(1)+0(0)




Thank youl!
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