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Arm matrix

Tl = T4TiT3
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_ Siz Cy 0 arS; + a:8,;
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Tool configuration vector

HIEI -+ ":IEE]E
HISI + ﬂerg




Shoulder joint g,

wi+ wi= (a,C, + a,Cypy)* + (@) + a,;8,,)°
= aiCi + 2a,a,C,Cy; + a3Ch + a3S? + 2a:a,58,8,; + a3S%
= ai + 2a1a(Ci,C, + S1,8)) + a3
= ai + 2a1a;,C, + a3

Isolate C,

-5 w%-—aﬁ—ai

Eﬂ[ﬂz

wi

g: = Tarccos —




Base joint g4
ILﬂl + HEEE}CL — [ﬂ151}51 = W
{HISE}CI + {ﬂi + HIC';.I_}S] = Wh

Solve simultaneously
A + aC)w T a:Saws
CI B {ﬂ] + ﬂz{:‘.z}z + (ﬂzsl}z

e a:Cayws — @28:wy
T g + @G + (@S

Complete solution

g1 = atan2 [{a) + a;Ca)wz — axdawy, (@) + a2Ce)m + a2 S2w:]



Tool roll joint g5

g: = 7 In ws



IK of a three-axis articulated robot

Complete solution

w? +wi — af — a%
Q, = tarccos -

2a, a4

!

q, = atan2 [{a, — a,Cylw, + 2,8, w., (a, + aﬁ.{:—:iwz - aisi.w,]J

R

Gz = 7 In wy




Cl—l--d

SI--E- d
The =10

0

0 0

» Tool configuration vector

_ﬂlcl +'ﬂ2{:t-2_
151 + ﬂ15|_1
di — gs — ds

-

0
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| —exp (qs/7) |

aiCy + a:Ci-
ar Sy + az;5-;
dy — g1 = d-l.
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» Elbow joint g,
wi + wi = af + 2a14:C; + ai

» Two solutions are obtained as left-handed
solution and right-handed solution

wi + wi — af — a}
2a1a»

g2 = X arccos



IK of a four-axis SCARA robot (ADEPT ONE)

T
4

Base joint g4

(ay + a;:C)Cy + (@:5:)8, = wy
(—a28:)C, + (a1 + a:C3)S) = wy

» Use row operations to solve linear system
g, = a:Sawy + (@) + a:Ca)ws
' (@S2 + (a1 + aC)

_ (@) + ﬂ!cﬂwl = 28wy
(@2:8:)* + (a; + a.C3)?
» Recover the base angle over the complete range |-, 7]

G

g = atan2 [ﬂ151w1 + {ﬂ1 + a;C;]w;, {ﬂj + ﬂzcz;lW| = -‘.'I:Szh’z]



Vertical extension joint g5

» The prismatic joint variable is associated with
sliding the tool up and down along the roll axis

» In SCARA-type robot, the vertical component of

the tool motion is uncoupled from the horizontal
component.

» Extracting the prismatic joint variable is simple

gi = dy — ds — wa



Tool roll joint g4

» Inspection of the last component of tool
configuration vector reveals that the tool roll joint
can be easily recovered

gs = 7 In | we|



IK of a four-axis SCARA robot (ADEPT ONE)

Complete solution

qy = tarccos —— 2 1 2
da, a,

!

o= atan2 EEIE!W1 + {a-. + ﬂzcziwi 1-EI-| + ﬁﬂ.ﬂzr'ﬂﬁ E?SE-WEJ

3

Q3 =dy —d, -

gy =wln | wg|




IK of PUMA 560

» Algebraic solution

11 12 13 Py
Op — | 21 T2z 723 Py
6 Y31 Faa T3z Py

¢ 0 0

=T (60T (B:)5T (B5), T (03T (65);T (85)
» Inverse of first frame
STET 0T = 1T (82T (80T (8,) T (85), T (8).

ﬂ'l .5'1 ﬂ[:l-
—s; 01 00
O 010

0 001

11 T2 3 Py
Fai T2 Ta3 Py
Fa1 T3z rsz P,
0 0 0 1

_1
_51"



IK of PUMA 560

» Forward kinematics solution

1 3
3 5T =

0 0 0

11 T2 P13 Dy
i"EI .F'EE ?'-33 p}.
Fa1 Fa2 33 P,

-1,. 1. 1, 1
1’11 1’11 11‘13 lf-?x
F21 T2z T2z Py
| 1. 1 ]
P31 "F32 T3 Pg

0 0 0 1 |

1

1
1

1
a1

B T T T T B
‘Led Bk g B B LA
HHHHHMI—E

_— = = = e e e e e
=
= ™M

5

NS

Il

ca3leyCscs — 54561 — 5235556,
—84C5C — C48g,

—533l€4€5C5 = 5456] = 2355
—C331€4C556 + 54C6] + 5235555,
F4C58g — C4Cq

$231C4€556 + S4C6] + C2a555,
—C23C455 — 53305,

5485,

23455 = Cp3Cs,

-;11’?2 T a3y — 873,

—(38y3 — f385) — dyCys.



IK of PUMA 560

» By comparing (2,4) on both sides

—51Px t¢1py = ds.

» To solve an equation of this form, we make
the trigonometric substitutions

p, = pcosdg,
p, = psing,

El'j.ii?' - 'Fl{:dl- _— T,

P
p = /P.+p,

¢ = Atan2(p,, p,).



IK of PUMA 560

» Using difference of angles

. d
sin(g — 6;) = —=.
I

cos(p — 6;) =:|:J1——3,

d d2
¢—ﬁr1=manz(—3,:t 1-— .
PV e )

6 = Atan2(p,, p,) — Atan2 (d £/p2+p2—a2).




IK of PUMA 560

» Equating (1,4)
C1P; + 81Dy = 03033 = Ay + G505,

» Equating (3,4) ~s51P; +¢1p, = dj.

=Py = 03533 + dyCa3 + ay57.

ﬂ34:'3—d4.5'3:ﬁ,
2 2 2 22 .2 g2 g2
pI—I-p}r—I—pI ay — az ds —d

3 4
K = :
Eﬂl




IK of PUMA 560

63 = Atan2(as, d;) — Atan2(K, %, /a2 + d2 — K2).

2T (0x)]7207 = 3T (8,) T (65)2T (65).

—

C1Ca3  §1Cp3 —8p3 —a05
—C8y3 —8183 —Cy3  dpfy
0 0 0 1

11 f12 F13 Py
Fa1 Pz T3 Py

31 T2 T3 P;
0o 0 0 1




IK of PUMA 560

63 = Atan2(as, d;) — Atan2(K, %, /a2 + d2 — K2).

2T (0x)]7207 = 3T (8,) T (65)2T (65).

—

C1Ca3  §1Cp3 —8p3 —a05
—C8y3 —8183 —Cy3  dpfy
0 0 0 1

11 f12 F13 Py
Fa1 Pz T3 Py

31 T2 T3 P;
0o 0 0 1




IK of PUMA 560

» Equating (1,4) and (2,4) from both sides

C1Ca3 Py T 81C3Py — Sp3 P, — 4303 = a3,
—C183P; — 8183Py — CaP, T 0p53 = dy.
» Solve both equations simultaneously

(—a3 — a363) p; + (e Py + 51Py) (355 — dy)
pr+ (c1py +51py)

J93 =

(ap84 — ﬂ'lquE (a3 + a;c3)(cyp,. + Slp}]
E =+ {EIF'I: + SIP} }E

Cag =

-_—



IK of PUMA 560

» Denominators are positive and equal

&ﬂ =ﬂtﬂn2[{ iy dlﬂ-j}p[ {Elp_r I S]P:,-]{dd ﬂESE}r

(ay83 — dyg) p, — (a3 + ay03)(c) Py + 512y )]
Uy = thy — &,
» Equating (1,3) and (3,3)

13€1Cq3 =+ rp381Co3 — TMyg8pg = —Cyds,

—J'-J_*_:Il..'i'l - .f'EEL'-L = -.5'4..5'51



IK of PUMA 560

» Denominators are positive and equal

&ﬂ =ﬂtﬂn2[{ iy dlﬂ-j}p[ {Elp_r I S]P:,-]{dd ﬂESE}r

(ay83 — dyg) p, — (a3 + ay03)(c) Py + 512y )]
Uy = thy — &,
» Equating (1,3) and (3,3)

13€1Cq3 =+ rp381Co3 — TMyg8pg = —Cyds,

—J'-J_*_:Il..'i'l - .f'EEL'-L = -.5'4..5'51



IK of PUMA 560

».5'5:/:0

Of = Atan2(—r38) +rp3¢), —13€1623 — 72351623 + 33523)-

BT 01" 4T = {T (05T (6),

» Inverse of 0-4 matrix

- —

€1C33€4 + 5184 8§1Cx3€4 — C18q  —83€4 —0y03C4 +d38y — dgcy
—L'IE'EE.S'qI ‘|" .5'1{.'4 —Slﬂﬂﬁq — {-'112'4 .5'23.5.'4 ﬂ'zlf}i'q -+ d3C4 -+ H3.'.'|-'4

—C1893 —81523 —Cp3 ays3 — dy ’

0 0 0 1




IK of PUMA 560

» Equating (1,3) and (3,3)

r13(C1Ca3€4 + 5184) +rp3 (815364 — €184) — r33(Sp3cy) = =55,

ri3(—€y873) + o3 (—81523) + ra3(—cy3) = 5.
Eﬁ — HI:HI]E{.EE, !'.'-'51_]',

Oy 107 = 57(6,).
» Equating (3,1) and (1,1)

Eﬁ = Atanz2 [n'}l'EJ, l'.-',ﬁ}.,



IK of PUMA 560

SE = —J"ll {E]_EE}.TJ‘ — 'SILEI]-:} — 'I.El {511':_'2.334 -+ i:-'lf:q_} -+ Fa1 [5354_},
¢ = riilleicazcy +5154)¢s — 1573551 + 1y ({56364 — €154)e5 — 5159355]

—T31 (§3€4C5 + €2355).



Differential Motions and
Velocities

Chapter 3, Introduction to Robotics, Saeed B. Niku
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» Differential motions are small movements of
mechanisms (e.g., robots) that can be used to
derive velocity relationships between different
parts of the mechanism.

» A differential motion is, by definition, a small
movement. Therefore, if it Is measured in—or
calculated for—a small period of time (a
differential or small time), a velocity
relationship can be found.



Differential Relationship

» The rotation of the first link 8, is measured relative to the reference
frame, whereas the rotation of the second link 6, is measured
relative to the first link. This would be similar to a robot, where each
link's movement is measured relative to a current frame attached to
the previous link.

y vB—v—\+§BA

; —(6’[J_t0/]+f( +HIJ-t0/]
Viva —( H sin &, i+ 9 cos O, 1—- ((9 -|-92)’
Vi A X Sln(el +0, )1+ [, (91 T ‘92 )COS(HI +0, )]
@ (b)

— matrix form

{VBK} A [— (,sinf, —(,sin(0,+6,) —(,sin(6,+6, )}{6’{'

(,cos6, +(,cos(0,+6,) (,cos(6,+6,) |6,



Differential Relationship

(x5 =(,c0860,+(,cos(6,+6,)

s 3
- point B V=4 sm—4; Sin((9l +6,)

deB =—(,sinf,d6, —(,sin(6, + 6, )db, +db,)

- differentiating
| dy, =(,cos6,db, +(,cos(6,+6,)db, +db,)

= matrix form [dx,| [-¢,sin6,—(,sin(6,+6,) —(,sin(6,+6,)]db,
dy, i (,cos@ +(,cos(0,+6,) (,cos(6,+6,) | db,
T

differential motion of B Jacobian differential motion of joints
| dxg -l (,sin@ —(,sin(6,+6,) —(,sin(6,+6,)][d6, i
| dy, I (,cosf, +(,cos(0,+6,) (,cos(6,+6,) || d6,

dXB =vB‘ & dyB =va
dt ' dt '

L




Jacobian

» Representation of the geometry of the elements of a
robot mechanism in time

» Relationship between the individual joint motions and
overall mechanism motions
Y = ﬁ(A°1,,\'2,A‘3, . ) — asetof eq.'s ¥, mn terms of a set of variables x;

Ditferential change in ¥, for a differential change in x,

e o . s,
oY, = fl oxy + fl A +—1c>\
Ox, Oox, Oox ;

- O of, .
oY, = f f o R s S f: ox
B C\l a\2 c‘:’-xj
il 5‘ .
c)}"i f f O.\ e f' Ox

) ) s J
Ox, Ox, cr.\j



Jacobian

) . 8% | ox; Ox; ox; [ & Al
- matrix form e s o | -
: : S ' OX;
o] |9 & a5 |5
| Ox, O, ox; |
ax] [ Tde,
dy dé,
e d} Robot dé~
z obo ;
s | - - o1 [D]:[J][De]
OX Jacobian Matrix || d&,
oy deé;
_52_ i __d@s_

dx, dy, dz = differential motions of the hand along the axis
dx , 8y, dz = differential rotations of the hand w.r.t. the axis



Jacobian

Ex 3.1) Given the joint differential motions [D,] and the
Jacobian [J], compute the linear and angular differential

motions [D]. 5, ¢ 0 0 1 o 0
101 0 0 O 0.1
0 1 00 0 O —0.1
J = and D, =
0 00 2 0 0 0
0 01 0 0 O 0
0 00 0 0 1 | 0.2
2 00 01 o ol T o [dx]
101 0 0 0f 0.1 ~0.1| |dy
0 1 0 0 0 0f-0.1 0.1 dz
:}DZJID&: = =
0 0 0 2 0 0Of 0 0 X
0 01 0 0 0| o —-0.1| |dy
0 00 0 0 1f02] |02] |oz]




Differential motions of a frame,

Differential motions of the robot joints and the end- plate,
Differential motions of a frame caused by the differential
motions of a robot.

z z
A o' Hand differential y
' motions

Joint differential
motions




Differential Motions of a Frame

Differential motions of a frame can be divided into the
following

» Differential translations,
» Differential rotations

» Differential transformations (combinations of translations
and rotations)



Bt R

A differential translation is the translation of a
frame at differential values. Therefore, it can
be represented by Trans(dx, dy, dz). This
means the frame has moved a differential
amount along the x-, y-, and z-axes.



Differential Translations

E 3.2: A frame B has translated a differential
amount of Trans(0.01, 0.05, 0.03) units. Find
Its new location and orientation.

(1 0 0
0 1 0
0 0 1
0 0 0

0.01]
0.05
0.03

1 -

[0.707 0 —0.707 5]
0 1 0 4
0.707 0 0.707 9

0 0 0 1

[0.707 0 —0.707 5]
0 1 0
0.707 0 0.707 9

0 0 0 1

=

[ 0.707
0
0.707

0 —0.707 5.01]
1 0 4.05
0 0.707 9.03
0 0 1




» A differential rotation is a small rotation of
the frame.

» It Is generally represented by Rot(q,df),
means that the frame has rotated an angle
of df about an axis q.



» Differential Rotations
(0%, Oy, 0z)

» Use approximations — sin dx= 0x, cosdox= 1
» If we do neglect the higher-order differentials

such as (6x)?, the magnitude of the vectors
remain acceptable.

Rot(x, dv)=

Rot(y,dv)=

S =& = S

(Sy 0_
0 0
1 0

0 1

Rot(z, &)=

S = O O

_—_ O O O




Differential rotations about the reference axes

s Rot(x,8x)Rot(y,d8y)= Rot(y,dy)Rot(x,8x) = Commutative?

1 0 0 o1 0o 0l [ 1 0 & 0
A ) 0O 1 -ox Off 0 1 O O oxoy 1 -ox 0
Rot(x, 8 )Rot(y,dv)= i i = .
' 0 &x 1 O0Of-6y 0 1 O -oy ox 1 0
58 § e e ol 8B B oL
1 0 &y 01 0 0 0] [1 &8 & O]
. N 0O 1 0 0|0 1 -0x 0 0 | -ox 0
Rot(v,dv)Rot(x, o )=| i =l
" l-oy 01 00 ox 1 O -0y X 1 0
B B @ & If je¢ & @ F
10 &
: o o . X . 0 1 -
. Yes, commutative = Rot(x, & )Rot(y. &) =Rot(y, v )Rot(x, &)= s e
-8y X
0 0 0

O O D




Differential rotations about a general axis k

s Differential Rotation about a General Axis k
s Rot(k,80)= Rot(x,dx)Rot(y,dy)Rot(z,5z)

Rot(k.d&)=Rot(x. 5 )Rot(y. 5y )Rot(z. &

T

1
0
0

0

Neglecting all higher order differentials.

— Rot(k.d@)=Rot(x,d)Rot(y. s )Rot(z. %)

0
1
X
0

0

-X

1
0

0
0
0

|

0
- Oy

0

0
1
0
0

S O D

y 1
oz + c3Xc9y
-0V + XOZ

.- 5y

1-0xoyoz -dX

XK+oyoz 1
0 0

i

0

0

1 A




Differential transformation

E 3.3: Find the total differential transformation
caused by small rotations about the three
axes of 6x = 0.1,y = 0.05,6z = 0.02 radians.

1 -8z &y 0] [ 1 —0.02 0.05 0]
52 1 —béx 0 0.02 1 —0.1 0
Rot(g,d0) =1 s sx 1 o] " |-005 01 1 o0
| 0 0 0o 1] | 0 0 0 1




s Differential Transformation of a Frame

= Combination of differential translations and rotations

= | = the original frame, dT = the change in T
« [T+dT] = [Trans(dx,dy,dz)Rot(k,de)][T]

« D/ [dT] = Differential Transformation
= [dT] = [Trans(dx,dy,dz)Rot(k,de) — [][T]

= D/ A = Differential Operator
« [dT] = [A][T]
= [A] = [Trans(dx,dy,dz)Rot(k,de) — I]



1 0 0 dx| 1 -0z oy

o = O O
_— o o O

o o = O

o O =

— Differential operator A is not a transformation matrix, nor a frame



E 3.4: Write the differential operator matrix for
the following differential transformations: dx =
0.05,dy = 0.03,dz = 0.01 units and éx =
0.02,6y = 0.04, 6z = 0.06 radians.

0 —0.06 0.04 0.05]
0.06 0 —0.02 0.03
—0.04 0.02 0 0.01
0 0 0 0




Thank youl!
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