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Materials used

• Chapter 4 Introduction to Robotics, John J. Craig

• Chapter 3, Fundamentals of Robotics, Analysis and Control, Robert 
Schilling
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Inverse Kinematics

• Given a desired position (P) & 
orientation (R) of the end-effector 

• Find the joint variables which can 
bring the robot the desired 
configuration

• The inverse Kinematics problem
is more difficult than the direct
Kinematics because a systematic
closed-form solution applicable to
robots in general is not available.
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Inverse Kinematics

• More difficult

– Systematic closed-form solution 

in general is not available

– Solution not unique

• Redundant robot

• Elbow-up/elbow-down 

configuration 

– Robot dependent 

(x , y)



Inverse Kinematics

• Transformation Matrix
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General properties of solution

» Existence of solutions

» If the desired tool-tip position p is outside its 

work envelope, then no solution can exist.

» Even when p is within the work envelope, 

there may be certain tool orientations R 

which are not realizable



General properties of solution

» The last row of the arm matrix is always 

constant

» The arm equation constitutes a system of 12 

simultaneous nonlinear algebraic equations 

in the n unknown components of q.



General properties of solution



Inverse Kinematics
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Tool Configuration

» p represents the tool position relative to the 

base

» R represents the tool orientation relative to 

the base

» Tool Configuration vector

– Tool orientation provided by the approach 

vector.

– Approach vector specifies both the tool 

yaw angle and the tool pitch angle, but no 

the tool roll angle



Tool Configuration

» Tool configuration vector

– To recover the tool roll angle from a scaled 

approach vector, we must use an 

invertible function of the roll angle     to 

scale the length of 

– The following positive, invertible, 

exponential scaling function can be used

nq
3r

  exp n
n

q
f q



 
 
 



Tool Configuration

» Tool configuration vector

– is a vector      in 

• Tool Roll angle
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IK of a five-axis articulated robot

» Solution can be approached either 

numerically or analytically



IK of a five-axis articulated robot

» Solution can be approached either 

numerically or analytically



IK of a five-axis articulated robot

» Arm matrix
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IK of a five-axis articulated robot

Tool configuration vector
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IK of a five-axis articulated robot

Tool configuration vector



IK of a five-axis articulated robot

Base joint



IK of a five-axis articulated robot
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IK of PUMA 560

» Algebraic solution

» inverse of first frame



IK of PUMA 560

» Forward kinematics solution



IK of PUMA 560

» By comparing (2,4) on both sides

» To solve an equation of this form, we make 

the trigonometric substitutions



IK of PUMA 560

» Using difference of angles
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» Equating (1,4)

» Equating (3,4)



IK of PUMA 560



IK of PUMA 560



IK of PUMA 560

» Equating (1,4) and (2,4) from both sides

» Solve both equations simultaneously



IK of PUMA 560

» Denominators are positive and equal

» Equating (1,3) and (3,3)
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» Denominators are positive and equal

» Equating (1,3) and (3,3)
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IK of PUMA 560

» Equating (1,3) and (3,3)

» Equating (3,1) and (1,1)



IK of PUMA 560



Thank you!
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