INDUSTRIAL AUTOMATION &
ROBOTICS TECHNOLOGY

Inverse Kinematics

M Umer khan

Department of Mechatronics Engineering

ATILIM University

UMER.KHAN@ATILIM.EDU.TR



Materials used

* Chapter 4 Introduction to Robotics, John J. Craig
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Schilling



Inverse Kinematics

. Given a desired position (P) &
orientation (R) of the end-effector

g= (ql’qZ""1qn)
* Find the joint variables which can
bring the robot the desired
configuration

 The Inverse Kinematics problem
IS more difficult than the direct
Kinematics because a systematic
closed-form solution applicable to
robots in general is not available.




Inverse Kinematics

More difficult

— Systematic closed-form solution
In general is not available

— Solution not unique
« Redundant robot

» Elbow-up/elbow-down
configuration

— Robot dependent
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Inverse Kinematics
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Suppose Q represents the range of values in Rn that the joint variable can assume
Q is referred to as the joint-space work envelope of the robot.

Typically the joint-space work envelope has the following general form
Q= {q e R qmin <Cq< qmax}

g™ and ™% represent joint limits and C is joint coupling matrix.



Inverse Kinematics

B o T

» Vector space R" is known as joint space

» Tool configuration parameters {R, p} can be
associated with a subset W of R®

» Vector space R is referred as tool-
configuration space

» Tool-configuration space is six-dimensional
because arbitrary configurations of the tool
can be specified by using three position
coordinates together with three orientation
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FK and IK

equations

q Direct {p, R}
- kinematics
equations
q Inverse i, R}
' kKinematics |a—v-—-2C

Tool-configuration
space R
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» Existence of solutions

» If the desired tool-tip position p is outside Its
work envelope, then no solution can exist.

» Even when p is within the work envelope,
there may be certain tool orientations R
which are not realizable
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» The last row of the arm matrix is always
constant

» The arm equation constitutes a system of 12
simultaneous nonlinear algebraic equations
In the n unknown components of q.
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» Three columns of R form an orthonormal set

» rL.ers =0

» ri.r3 =0

» r4.r3 =0

» These constraints come from the off-
diagonal terms of RTR =1
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Inverse Kinematics

the robot has a spherical wrist
Consider the case of an n-axis robot, where 4 <n <6

Suppose the last axis is a tool roll axis and suppose the robot has a
spherical wrist, which means that n-3 axes at the end of the arm all intersect
at a point.

For this class, IK problem can be decomposed into two smaller
subproblems.

Given the tool tip position p and tool orientation R, the wrist position can be
inferred from p by working backward along the approach vector

wrist

P :p_dnr3

d,, represents the tool length for an n-axis robot as long as the last axis is a
tool roll axis.
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» Once the wrist position p*" is obtained
from {p, R, d,,}, the first three joint variables
{q1, 9., g3} that are used to position the wrist
can be obtained from the reduced arm
equation

f

| - 3
Thase (G1, G2, g:)i* = [p ltf,,r ]



_____________________ Tool Configuration
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» P represents the tool position relative to the
pase

» R represents the tool orientation relative to
the base

» Tool Configuration vector

— Tool orientation provided by the approach
vector.

— Approach vector specifies both the tool
yaw angle and the tool pitch angle, but no
the tool roll angle




_____________________ Tool Configuration
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» Tool configuration vector

— To recover the tool roll angle from a scaled
approach vector, we must use an
invertible function of the roll angle q, to
scale the length of r’

— The following positive, invertible,
exponential scaling function can be used

f (qn)éexp(q—”j

T



Tool Configuration
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» Tool configuration vector
—isavector W in R’

. p

A IV | exp(q,/7)|r*

* Tool Roll angle
— ~In(w? 2 2\Y/2
g, =7 W, +W, + W,



» Solution can be approached either
numerically or analytically

Elbow Toal pitch

4 z
Tool f:
roll C—"—"J 5 dg
Tool I_FI X8
pé—La Y
1’.5
25 Y

Base



» Solution can be approached either
numerically or analytically

Elbow Toal pitch

4 z
Tool f:
roll C—"—"J 5 dg
Tool I_FI X8
pé—La Y
1’.5
25 Y

Base



» Arm matrix

C; Cza Cs + 85185 —C;CSs + 5:C —C, 52 E Ci{a:C; + a:Cas + a4 Caas — ds Sm)
S1CouCs —~ C;Ss —851Ca3aSs — CiCs —5; Saaa E Si@2Cz + a3 Crs + asCras — dsS5234)

=834 Cs 8234 Ss —Cau E dy — 8;8; = 435833 — 44835 — dsCpas
0 0 0 E 1
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Tool configuration vector

CiCoaaCs + §;8s —C CozeSs + 851G —C; S E Ci{a;Cy + a3Cas + asCosy — dsSpay) |
S1CouCs —~ C;Ss —851Ca3aSs — CiCs —5; Saaa E Si@2Cz + a3 Crs + asCras — dsS5234)
=834 Cs 8234 Ss —Cau E dy — 8;8; = 435833 — 44835 — dsCpas
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Tool configuration vector

Ci C2a. Cs + 5155 —CCouSs + 5,C —C,; 55 E leﬂz Co + a:Cys + a4 Coay — ds Sm} |
51CosCs — €8s —5;Co348s — CiCs —5, 52 E S1{(@:C + a3Can + aaCras — ds5234)

—8521Cs S234 Ss —Ca : di — a28; — 43533 — 248138 — dsCaaa

]
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Cua:C; + a3Cas + a4Cass — dsS234)
Sl(ﬂzcz + a3Cy + asCasy — dssiast)
di — a:S; — @3Sy — sS4 — dsCaas
W(g) = [rmmmmmmmmemmmm e
- [EKP(W ?T)}Cl Sa34
—[EKP("-E'Sf ) [S1S234
—[exp(gs/m)]Czs4




Base joint
g1 = atan2 (w,, wy)
Ci(aC; + asCas + asCasy — dsSaia)
Sl(ﬂzcz + a3Ca + aiCag — dssi’.’-#)
d, — a,S; — a3S23 — AsSn4 — dsCaas
w(g) = |-

- [Eip(ti'sf?ﬂ}cl So14
—[exp(gs/m)]S18234
—[exp(gs/ m)]Cz4
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Elbow joint

qs IS the most difficult joint variable to extract
as it is strongly coupled with the shoulder and
tool pitch angles

g.34 1S A global tool pitch angle, g,3, = g, +
q3 + q4

C1Wa +51Ws 5234

—Weg Cr34



o 3 R R

Once the shoulder angle g, and elbow angle
gs are known, the tool pitch angle g, can be
computed from g3,
by = Ciw; + S1w, — a4C34 + dsSy3,
by, = dy — a45234 — dsCy34 — W3

Substituting components of w

by = ac; + asC;y3

by, = a5, + azS,3
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Elbow joint

Elbow angle can be isolated by computing
Ib]|? = a5 + 2a,a5C3 + a3

gz gives us two solutions, elbow-up and

elbow-down

2 2
b||* — a5 — a3

2a2a3

|

gz = *cos



Shoulder joint g,

b, = aycy + azCy3
b, = a5, + azS5;3

Using sine and cosine trigonometric identities
by = (az+azC3)C; — (azS3)S>
b, = (ay+a3z(3)S; + (az53)C;




Shoulder joint g,

- (azt+azC3)by + (azS3)b;
C, = 2
14l
_ (ay+aszC3)b, — (azS3)by
%2 = b1T2




Tool pitch joint g,

4 = 4234 — 42 — (3

Tool roll joint g<

1/2
q5=nln(wf+wg+wg)/



q, = atan2 (w,, w,)

!

Qg3 = atan2 [—{Cyw, + S, wg), —wgl
by=Cyw; + 5w, — a4Cpq + d5Saq

by =d; = 845555 — d5Cosq — Wy

¥

b2 — a2 — a3
2a, 8,4

}

qy = atan2 [{a, + a;Cq)by — a3S;3by, (a; + a;C;)b; + 835;b,]

!

Q4 = Y973 ~ Y92 ~ 93

}

as=min (wi+wi+w

g, = *arccos

gih'l
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» Algebraic solution

11 12 13 Py
Op — | 21 T2z 723 Py
6 Y31 Faa T3z Py

¢ 0 0

=T (60T (B:)5T (B5), T (03T (65);T (85)
» Inverse of first frame
STET 0T = 1T (82T (80T (8,) T (85), T (8).

ﬂ'l .5'1 ﬂ[:l-
—s; 01 00
O 010

0 001

11 T2 3 Py
Fai T2 Ta3 Py
Fa1 T3z rsz P,
0 0 0 1

_1
_51"
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» Forward kinematics solution

1 3
3 5T =

0 0 0

11 T2 P13 Dy
i"EI .F'EE ?'-33 p}.
Fa1 Fa2 33 P,

-1,. 1. 1, 1
1’11 1’11 11‘13 lf-?x
F21 T2z T2z Py
| 1. 1 ]
P31 "F32 T3 Pg

0 0 0 1 |

1

1
1

1
a1

B T T T T B
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ca3leyCscs — 54561 — 5235556,
—84C5C — C48g,

—533l€4€5C5 = 5456] = 2355
—C331€4C556 + 54C6] + 5235555,
F4C58g — C4Cq

$231C4€556 + S4C6] + C2a555,
—C23C455 — 53305,

5485,

23455 = Cp3Cs,

-;11’?2 T a3y — 873,

—(38y3 — f385) — dyCys.
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» By comparing (2,4) on both sides

—51Px t¢1py = ds.

» To solve an equation of this form, we make
the trigonometric substitutions

p, = pcosdg,
p, = psing,

El'j.ii?' - 'Fl{:dl- _— T,

P
p = /P.+p,

¢ = Atan2(p,, p,).
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» Using difference of angles

. d
sin(g — 6;) = —=.
I

cos(p — 6;) =:|:J1——3,

d d2
¢—ﬁr1=manz(—3,:t 1-— .
PV e )

6 = Atan2(p,, p,) — Atan2 (d £/p2+p2—a2).
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» Equating (1,4)
C1P; + 81Dy = 03033 = Ay + G505,

» Equating (3,4) ~s51P; +¢1p, = dj.

=Py = 03533 + dyCa3 + ay57.

ﬂ34:'3—d4.5'3:ﬁ,
2 2 2 22 .2 g2 g2
pI—I-p}r—I—pI ay — az ds —d

3 4
K = :
Eﬂl
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63 = Atan2(as, d;) — Atan2(K, %, /a2 + d2 — K2).

2T (0x)]7207 = 3T (8,) T (65)2T (65).

—

C1Ca3  §1Cp3 —8p3 —a05
—C8y3 —8183 —Cy3  dpfy
0 0 0 1

11 f12 F13 Py
Fa1 Pz T3 Py

31 T2 T3 P;
0o 0 0 1
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63 = Atan2(as, d;) — Atan2(K, %, /a2 + d2 — K2).

2T (0x)]7207 = 3T (8,) T (65)2T (65).

—

C1Ca3  §1Cp3 —8p3 —a05
—C8y3 —8183 —Cy3  dpfy
0 0 0 1

11 f12 F13 Py
Fa1 Pz T3 Py

31 T2 T3 P;
0o 0 0 1
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» Equating (1,4) and (2,4) from both sides

C1Ca3 Py T 81C3Py — Sp3 P, — 4303 = a3,
—C183P; — 8183Py — CaP, T 0p53 = dy.
» Solve both equations simultaneously

(—a3 — a363) p; + (e Py + 51Py) (355 — dy)
pr+ (c1py +51py)

J93 =

(ap84 — ﬂ'lquE (a3 + a;c3)(cyp,. + Slp}]
E =+ {EIF'I: + SIP} }E

Cag =

-_—
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» Denominators are positive and equal

&ﬂ =ﬂtﬂn2[{ iy dlﬂ-j}p[ {Elp_r I S]P:,-]{dd ﬂESE}r

(ay83 — dyg) p, — (a3 + ay03)(c) Py + 512y )]
Uy = thy — &,
» Equating (1,3) and (3,3)

13€1Cq3 =+ rp381Co3 — TMyg8pg = —Cyds,

—J'-J_*_:Il..'i'l - .f'EEL'-L = -.5'4..5'51
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» Denominators are positive and equal

&ﬂ =ﬂtﬂn2[{ iy dlﬂ-j}p[ {Elp_r I S]P:,-]{dd ﬂESE}r

(ay83 — dyg) p, — (a3 + ay03)(c) Py + 512y )]
Uy = thy — &,
» Equating (1,3) and (3,3)

13€1Cq3 =+ rp381Co3 — TMyg8pg = —Cyds,

—J'-J_*_:Il..'i'l - .f'EEL'-L = -.5'4..5'51
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».5'5:/:0

Of = Atan2(—r38) +rp3¢), —13€1623 — 72351623 + 33523)-

BT 01" 4T = {T (05T (6),

» Inverse of 0-4 matrix

- —

€1C33€4 + 5184 8§1Cx3€4 — C18q  —83€4 —0y03C4 +d38y — dgcy
—L'IE'EE.S'qI ‘|" .5'1{.'4 —Slﬂﬂﬁq — {-'112'4 .5'23.5.'4 ﬂ'zlf}i'q -+ d3C4 -+ H3.'.'|-'4

—C1893 —81523 —Cp3 ays3 — dy ’

0 0 0 1
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» Equating (1,3) and (3,3)

r13(C1Ca3€4 + 5184) +rp3 (815364 — €184) — r33(Sp3cy) = =55,

ri3(—€y873) + o3 (—81523) + ra3(—cy3) = 5.
Eﬁ — HI:HI]E{.EE, !'.'-'51_]',

Oy 107 = 57(6,).
» Equating (3,1) and (1,1)

Eﬁ = Atanz2 [n'}l'EJ, l'.-',ﬁ}.,
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SE = —J"ll {E]_EE}.TJ‘ — 'SILEI]-:} — 'I.El {511':_'2.334 -+ i:-'lf:q_} -+ Fa1 [5354_},
¢ = riilleicazcy +5154)¢s — 1573551 + 1y ({56364 — €154)e5 — 5159355]

—T31 (§3€4C5 + €2355).



Thank youl!
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