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Chapter 03 – Recitation 2

Example 1
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The rod has a diameter of 14 mm and is 
subjected to external torques as shown in the 
figure. Determine the angle of twist at A. 
(G =80 Gpa)  



𝑇஺஻ = +150𝑁𝑚

𝑇஼஽ = −170𝑁𝑚

Example 1

• We should find the internal torques
• We can approach by taking internal cuts and

drawing free body diagrams

A

150 Nm
𝑇஺஻ Σ𝑀௭ = 0

150 − 𝑇஺஻ = 0

150 Nm 280 Nm
40 Nm
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𝑇஼஽

150 − 280 − 40 − 𝑇஼஽ = 0
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150 Nm 280 Nm
𝑇஻஼

A
B

150 Nm 280 Nm
130 𝑁𝑚

A
B

150 − 280 − 𝑇஻஼ = 0

𝑇஻஼ = −130𝑁𝑚

150 Nm 280 Nm
40 Nm

A

B
C

170 𝑁𝑚

𝐽 =
1

2
𝜋𝑟ସ =

1

2
𝜋 0.007𝑚 ସ = 3.771 ∗  10ିଽ 𝑚ସ

𝜙஺ = ෍
𝑇௜𝐿௜

𝐽𝐺
= +

150 0.4

(3.771 ∗ 10ିଽ)(80 ∗ 10ଽ)
௜

−
130 0.3

(3.771 ∗ 10ିଽ)(80 ∗ 10ଽ)

−
170 0.5

(3.771 ∗ 10ିଽ)(80 ∗ 10ଽ)

𝑇஺஻ = +150𝑁𝑚

𝑇஻஼ = −130𝑁𝑚

𝑇஼஽ = −170𝑁𝑚
• Summation of angle of twists:

𝜙஺ = 𝜙஺/஻ + 𝜙஻/஼ + 𝜙஼/஽ = 𝜙஺/஽

𝜙஺ = −0.2121 rad
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The aluminum rod AB (G = 27 GPa) is 
bonded to the brass rod BD (G = 39 
GPa). Knowing that portion CD of the 
brass rod is hollow and has an inner 
diameter of 40 mm, determine the 
angle of twist at A. 

Example 2 

𝐺 = 27 ∗ 10ଽ 𝑃𝑎 𝐿 = 0.400 𝑚

• Rod AB

𝑇஺஻ = 800 𝑁𝑚

𝑐 =
1

2
𝑑 = 0.018𝑚

𝐽 =
𝜋

2
𝑐ସ =

𝜋

2
0.018 ସ = 164.896 ∗ 10ିଽ 𝑚ସ

𝜙஺/஻ =
𝑇𝐿

𝐺𝐽
=

800 0.400

(27 ∗ 10ଽ)(164.896 ∗ 10ିଽ)
= 71.875 ∗ 10ିଷ𝑟𝑎𝑑

𝑇஺஻

𝑇஺
𝑇஺ − 𝑇஺஻ = 0

Example 2 



𝐺 = 39 ∗ 10ଽ 𝑃𝑎 𝐿 = 0.375 𝑚

• Part BC

𝑇஻஼ = 800 + 1600 = 2400 𝑁𝑚

𝑐 =
1

2
𝑑 = 0.030𝑚

𝐽 =
𝜋

2
𝑐ସ =

𝜋

2
0.030 ସ = 1.27234 ∗ 10ି଺ 𝑚ସ

𝜙஻/஼ =
𝑇𝐿

𝐺𝐽
=

2400 0.375

(39 ∗ 10ଽ)(1.27234 ∗ 10ି଺)
= 18.137 ∗ 10ିଷ𝑟𝑎𝑑

𝑇஺

𝑇஻
𝑇஻஼

𝑇஺ + 𝑇஻ − 𝑇஻஼ = 0

Example 2 

𝐺 = 39 ∗ 10ଽ 𝑃𝑎 𝐿 = 0.250 𝑚

• Part CD

𝑐ଵ =
1

2
𝑑 = 0.020𝑚

𝜙஼/஽ =
𝑇𝐿

𝐺𝐽
=

2400 0.250

(39 ∗ 10ଽ)(1.02102 ∗ 10ି଺)
= 15.068 ∗ 10ିଷ𝑟𝑎𝑑

3020

O 𝑐ଶ =
1

2
𝑑 = 0.030𝑚

𝐽 =
𝜋

2
(𝑐ଶ

ସ − 𝑐ଵ
ସ) =

𝜋

2
(0.030ସ − 0.020ସ)

𝐽 = 1.02102 ∗ 10ି଺ 𝑚ସ

𝑇஻஼ = 𝑇஼஽
(Since there is no external
torque at C)

Example 2 



• Angle of twist at A

𝜙஺/஻ = 71.875 ∗ 10ିଷ𝑟𝑎𝑑

𝜙஻/஼ = 18.137 ∗ 10ିଷ𝑟𝑎𝑑

𝜙஼/஽ = 15.068 ∗ 10ିଷ𝑟𝑎𝑑

𝜙஺ = 𝜙஺/஻ + 𝜙஻/஼ + 𝜙஼/஽

𝜙஺ = 105.080 ∗ 10ିଷ𝑟𝑎𝑑

Example 2 

Example 3
The solid shaft of radius ‘c’ is subjected to a torque T. Determine the fraction of T that
is resisted by the material contained within the outer region of the shaft, i.e. 

௖

ଶ
≤ 𝜌 ≤ 𝑐

c/2

c/2

O

τmax 𝜏 =
𝑇𝜌

𝐽

• First draw the problem figure

T Shear stress due to torque T is given by,

𝜏 = 0 when r = 0

𝜏 =
Tc

𝐽
= 𝜏୫ୟ୶ when r = c

Shear stress increases linearly from 
origin to outer radius𝜌

𝜏 =
𝜌

𝑐
𝜏௠௔௫or

• We want to find the torque carried by
outer region. We can use stress to
find force.



Example 3
The solid shaft of radius ‘c’ is subjected to a torque T. Determine the fraction of T that
is resisted by the material contained within the outer region of the shaft, i.e. 

௖

ଶ
≤ 𝜌 ≤ 𝑐

• Imagine an infinitesimal circle with radius 𝜌, thickness 𝑑𝜌, and area dA

𝜌 𝑑𝜌

dT𝜏

dA

Then the torque dT on this circle can be
written as,

𝜌 𝜏 𝑑𝐴 = 𝑑𝑇

force

moment arm

torque

If we take integral of this and apply it to
solid shaft, we can find total torque T

න 𝜌 𝜏 𝑑𝐴
௖

଴

= න 𝑑𝑇
௖

଴

= 𝑇

𝑑𝐴 = 2𝜋𝜌𝑑𝜌

If we take integral from c/2 to c, then we
find torque on outer region T’ 

Example 3
The solid shaft of radius ‘c’ is subjected to a torque T. Determine the fraction of T that
is resisted by the material contained within the outer region of the shaft, i.e. 

௖

ଶ
≤ 𝜌 ≤ 𝑐

𝑑𝑇 = 𝜌 𝜏 𝑑𝐴න 𝑑𝑇
௖

଴

= 𝑇 𝑑𝐴 = 2𝜋𝜌𝑑𝜌න 𝑑𝑇
௖

௖/ଶ

= 𝑇′

𝜏 =
𝜌

𝑐
𝜏௠௔௫

𝑑𝑇 = 𝜌
𝜌

𝑐
𝜏௠௔௫2𝜋𝜌𝑑𝜌 =

2𝜋𝜏௠௔௫

𝑐
𝜌ଷ𝑑𝜌

𝑇 = න
2𝜋𝜏௠௔௫

𝑐
𝜌ଷ𝑑𝜌

௖

଴

=
2𝜋𝜏௠௔௫

𝑐

𝜌ସ

4
ቚ

଴

௖
𝑇 =

𝜋𝜏௠௔௫𝑐ଷ

2

𝑇′ = න
2𝜋𝜏௠௔௫

𝑐
𝜌ଷ𝑑𝜌

௖

௖/ଶ

=
2𝜋𝜏௠௔௫

𝑐

𝜌ସ

4
ቚ

௖/ଶ

௖
𝑇ᇱ =

గఛ೘ೌೣ௖య

ଶ
−

గఛ೘ೌೣ௖య

ଷଶ
=

ଵହగఛ೘ೌೣ௖య

ଷଶ

Then the fraction of T 
resisted by outer
region is:

𝑇ᇱ

𝑇
=

15𝜋𝜏௠௔௫𝑐ଷ

32
𝜋𝜏௠௔௫𝑐ଷ

2

=
𝟏𝟓

𝟏𝟔
Or 93.75% !!



Example 4

A

B

C

D

E G

60 mm 40 mm

50 Nm

200 mm
15 mm

12 mm

Rotation is prevented at B and D. 
A 50 Nm torque is applied at E of shaft
EAB.

𝑟஺஻ = 7.5 𝑚𝑚

𝑟஼஽ = 6 𝑚𝑚

𝑟ଵ = 60 𝑚𝑚

𝑟ଶ = 40 𝑚𝑚

𝐺 = 77 𝐺𝑃𝑎

Find,
a) maximum shearing stress in CD
b) the angle of rotation at A

• To calculate these we need to find
torque on shaft AB and CD

Let,
Torque in AB = 𝑇஺஻

Torque in CD = 𝑇஼஽

Torque applied at E = 𝑇ா

Then,
-Shear stress

-Angle of twist

𝜏஼஽,௠௔௫ =
𝑇஼஽𝑟஼஽

𝐽஼஽
𝜏 =

𝑇𝑟

𝐽

𝜙 =
𝑇𝐿

𝐺𝐽
𝜙஺ =

𝑇஺஻𝐿஺஻

𝐺𝐽஺஻

Example 4

A

B

C
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E G

60 mm 40 mm

50 Nm

200 mm
15 mm
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• We need to find 𝑇஺஻ and 𝑇஼஽

• Draw free body diagrams EAB and GCD
• Take cuts at AB and CD

𝜏஼஽,௠௔௫ =
𝑇஼஽𝑟஼஽

𝐽஼஽

𝜙஺ =
𝑇஺஻𝐿஺஻

𝐺𝐽஺஻

A

E

𝑟ଵ

𝑇ா

𝑇஺஻

F

C

G

𝑟ଶ

𝑇஼஽

F

• Static equilibrium

∑𝑀஺ = 0 𝐶𝐶𝑊 +     𝑇ா − 𝑇஺஻ − 𝐹𝑟ଵ = 0

∑𝑀஼ = 0 𝐶𝐶𝑊 +     𝑇஼஽ − 𝐹𝑟ଶ = 0
𝐹 =

𝑇஼஽

𝑟ଶ

𝑇஼஽ =
𝑟ଶ

𝑟ଵ
(𝑇ா − 𝑇஺஻)

We need another equation



Example 4

A

B

C

D

E G

60 mm 40 mm

50 Nm

200 mm
15 mm

12 mm

• We can use kinematics
• When disk A and C rotate, the points on

their edges will move by the same
amount

• If disk A rotates by 𝜙஺, and disk C rotates
by 𝜙஼, then,

𝑇஼஽ =
௥మ

௥భ
(𝑇ா − 𝑇஺஻) (1)

𝜙஺𝑟ଵ = 𝜙஼𝑟ଶ or  𝜙஺60 = 𝜙஼40

𝜙஺ =
ଶ

ଷ
𝜙஼ (2)

𝜙஺ = 𝜙஺/஻ =
𝑇஺஻𝐿஺஻

𝐺𝐽஺஻
We can write angle of twist as, 𝜙஼ = 𝜙஼/஽ =

𝑇஼஽𝐿஼஽

𝐺𝐽஼஽

Using (2), 𝑇஺஻𝐿஺஻

𝐺𝐽஺஻
=

2

3

𝑇஼஽𝐿஼஽

𝐺𝐽஼஽

𝐿஺஻ = 𝐿஼஽ = 𝐿

𝑇஺஻ =
ଶ

ଷ
𝑇஼஽

௃ಲಳ

௃಴ವ
(3)

Example 4
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B
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60 mm 40 mm

50 Nm

200 mm
15 mm
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• 2 equations 2 unknowns
• J for circular shaft:

𝑇஼஽ =
௥మ

௥భ
(𝑇ா − 𝑇஺஻) (1)

𝑇஺஻ =
ଶ

ଷ
𝑇஼஽

௃ಲಳ

௃಴ವ
(3)

𝐽஺஻ =
1

2
𝜋𝑟஺஻

ସ =
1

2
𝜋 0.0075 ସ = 4.97𝑥10ିଽ

𝐽஼஽ =
1

2
𝜋𝑟஼஽

ସ =
1

2
𝜋 0.006 ସ = 2.04𝑥10ିଽ

𝑟ଵ = 0.060 𝑚,    𝑟ଶ = 0.040 𝑚 𝑇ா = 50 𝑁𝑚

• Substitute to (1) and (3),

𝑇஺஻ = 𝟐𝟔. 𝟎𝟐 𝑁𝑚 𝑇஼஽ = 𝟏𝟓. 𝟗𝟗 𝑁𝑚

a) maximum shearing stress in CD

𝜏஼஽,௠௔௫ =
𝑇஼஽𝑟஼஽

𝐽஼஽
=

15.99 0.006

(2.04𝑥10ିଽ)

𝑟஺஻ = 0.0075 𝑚,    𝑟஼஽ = 0.006 𝑚 

𝜏஼஽,௠௔௫ = 𝟒𝟕. 𝟏 𝑴𝑷𝒂

b) the angle of rotation at A

𝜙஺ = 𝜙஺/஻ =
𝑇஺஻𝐿஺஻

𝐺𝐽஺஻
=

26.02 0.2

(77𝑥10ଽ)(4.97𝑥10ିଽ)

𝐿 = 0.2 𝑚  𝐺 = 77 𝐺𝑃𝑎

𝜙஺ = 0.0136 𝑟𝑎𝑑 = 0.0136 
180

𝜋
= 𝟎. 𝟕𝟕𝟗 𝒅𝒆𝒈𝒓𝒆𝒆𝒔



Example 5

There are 2 restrictions on T
1) 𝜏௔௟௟௢௪ = 80 𝑀𝑃𝑎
2) 𝜙஺/஼ = 0.06 𝑟𝑎𝑑

• We need to find internal torques to
calculate these. Draw free body at AB
and BC

Example 5

Cut AB 

𝑇஺஻ −
2

3
𝑇 = 0 +

𝑇஺஻ =
2

3
𝑇

Cut BC 

A

A B

ଶ

ଷ
T

T

𝑇஻஼

𝑇஻஼ −
2

3
𝑇 + 𝑇 = 0 +

𝑇஻஼ = −
1

3
𝑇

Cut BC (alternative) 

−𝑇஻஼ −
1

3
𝑇 = 0 +

• Assume a ‘+’ direction and take
internal torques in that direction

• Notice that 𝑇஻஼ changed direction

• It is easier to use the same half when you take cuts.
This makes it easier to follow sign convention



Example 5

+𝑇஺஻ =
2

3
𝑇𝑇஻஼ = −

1

3
𝑇

• We found internal torques

• Now apply restrictions

1) 𝜏௔௟௟௢௪ = 80 𝑀𝑃𝑎

𝑇஺஻ is critical since it has bigger
magnitude

𝐽 =
1

2
𝜋𝑐ସ =

1

2
𝜋(0.03ସ) =

Diameter 60 mm

2) 𝜙஺/஼ = 0.06 𝑟𝑎𝑑

𝐺௔௟ = 26 𝐺𝑃𝑎

• We take the smaller T
as allowable

𝑇௔௟௟௢௪ = 4.96 𝑘𝑁. 𝑚

Example 6

• We need internal torques
• This problem is statically indeterminate
• 2 unknown reactions, 1 torque equilibrium

B
T

𝑇஺஻

𝑇஻஼

𝑇 = 𝑇஺஻ + 𝑇஻஼

For the extra equation, we can use the fact that A 
and C are fixed supports. Angle of twists for shaft
AB and BC are given by,

𝜙஻/஺ =
𝑇஺஻𝐿஺஻

𝐽஺஻𝐺
= 𝜙஻ − 𝜙஺ = 𝜙஻

𝜙஻/஼ =
𝑇஻஼𝐿஻஼

𝐽஻஼𝐺
= 𝜙஻ − 𝜙஼ = 𝜙஻

𝑇஺஻𝐿஺஻

𝐽஺஻𝐺
=

𝑇஻஼𝐿஻஼

𝐽஻஼𝐺
= 𝜙஻



Example 6

𝑇஺஻𝐿஺஻

𝐽஺஻𝐺
=

𝑇஻஼𝐿஻஼

𝐽஻஼𝐺
= 𝜙஻ (hollow)

(solid)

Example 6
𝑇 = 𝑇஺஻ + 𝑇஻஼

Now, the reactions at the supports can be easily
found from 𝑇஺஻ 𝑎𝑛𝑑 𝑇஻஼

𝑇஺஻

𝑇஺

B
T

𝑇஺஻
𝑇஻஼

𝑇஼

𝑇஻஼



Example 6




