ME210 STRENGTH OF
MATERIALS

Chapter 02 — Recitation 1

Example 1
IIITITIIIIITITITN The rod ABCD is made of aluminum alloy
- with E=70 Gpa. For the loading shown
100kN A, =800mm? determine the deflection at point D.
1.75m T | A = 800mm
-~1--—"-—-1°8B + We will analyze the forces at three
1.25m different sections: AB, BC, CD
-- -C » Deflection at D is equal to
‘1, 756kN Az = 500mm? summation of deflections at AB, BC
1.5m and CD
_——_——— --D B
‘1'50kN 8p =64 + 8pc + 6cp

* Remember deflection equation
for axial loading:

PL -L, A, E are known

6= E - P unknown. It is different for AB, BC, CD sections

+ We can take cuts at AB, BC, CD sections and draw free body
diagrams to find P




Example 1
« Take cut between AB

Q77771771 IITTIT N S IITITTTITITIIT N Pap
1.75m T A +

_—— - - —_— _B [RE [ — _B_____ —_— -

100kN

1.25m

-- ‘1' -C -— -C -- ‘1’

— 2

15m 75kN A4z = 500mm 75kN

_—— --D - -—-D---- -

‘LSOKN

» For the direction of Pz, assume it is tension (+)
+ Loading is static, total force should be zero.

Pus +100—75—-50 =0

¢5OkN

P4 = +25 kN (tension)

Example 1
* Repeat for BC
- dnnnnuinipny A _ ddllunniiniiiid A
100kN _ 2

1.75m T | A1 = 800mm .

--4--1--1-8B —=q----- -B 1‘
1.25m e

- -C - -C -- -
15m ‘1' 75kN__ Az = 500mm? ‘1’ 75kN

_—— --D - --D -=-=--

‘LSOKN

Pgc —75—-50=0 Pgc = +125 kN (tension)




Example 1
* Repeat for CD

= AL 200424288 4840104 A - ddnnpnnnu A
1.75m 1}0”\‘ | A= 800mm?
--4--1--1-8 --q----- -B
1.25m Pcp

- -C _ c T
1.5m ¢ iSw_'Az = 500mm?

_——— --D _——— -—-D -=--- -

‘L50kN ¢50kN

Pep —50=0 Pcp = +50 kN (tension)

Example 1
The rod ABCD is made of aluminum alloy

SV ITTTITFITITIITT g N with E=70 Gpa. For the loading shown
175 100KkN 4 = 800mm? determine the deflection at point D.
fam 1‘ /\1/'
--J--1__1_3B » Find deflections. We have:
1-25m c PN Liml A[m2 &="t[m
¥ sin 40 = s00mm2z AB 25x10° 175 800x107° 7.81x107*
1.5m
D BC 125x103 1.25 800x107° 0.0028
‘1'50kN CD 50x10® 1.5 500x107% 0.002143

6D = 5AB + 53(: + SCD E — 70x109[£]

2
845 = 0.781 mm (T) _ m
« All tension, so we sum them
6gc = 2.8 mm (T)




Example 2

0.5 mm Knowing that a 0.5 mm gap exist between
f | N bronze bar and wall when temperature is
350 mm | 4°%0mm I 24 Celcius, determine
I~
E (a) temperature at which the normal stress
N in Aluminum bar will be -75 MPa
R (b) corresponding length of Aluminum bar
h IIIII/IIIIIIIIIIIIIII7IIIIIIIIA ~
Bronze Aluminum *  When temperature is increased, the
Ap =1500mm? g = 1800 mm® bars will extend.
Ep, =105GPa Eq =73 GPa « But they can only extend up to the
ap = 21.6x107¢ €71 @y =23.2x107°6C? left wall (Constraint)

« If the bronze bar touches the wall, and temperature keeps increasing then there
will be a reaction force at the wall
* This reaction force will create normal stress in the bars.

Example 2
[— 0.5 mm 6 =0.5mm =6, + &
~
! ! R N f ! R
8q1 +450 mm
I 350mm |_250MM K s, +s50mmt 2 R
R AT 3 3
N N N
5 =—> 3 3
S R N
N N N
7> TTTTrIrrTrrrrrrrrezerreeeeeeer—
Bronze Aluminum
» This can be equivalently represented as follow: Extension due to AT +
5 then shortening due to force P
I /I r AT R I Sp R
€I N > N
, S | N
1 N =+ N
N + P- :
N N
— Wall s — Wall N
TITTTIrITTTrTIrrrrrIrIreerreey ™ rrrnrrnrrrriianr-
6 = 67‘ - 613




Example 2

0.5 mm
f | 450 R / or AT N
mm

' 350 mm | N i R
1 N 1 ~
R . R

N 1 N

I ~g

N N

E —— Wall N

L mryarranrnnrinnnrriirg-

Bronze Aluminum

* Length change due to temperature change can be found with:
61 = LpapAT + Ly a AT
87 = (0.35)(21.6x107%)(AT) + (0.45)(23.2x107%)(AT)
8r = (18x107%)(AT)

(a) temperature at which the normal stress

Example 2 in Aluminum bar will be -75 MPa
0.5 mm

f ' somm B o R

' 350 mm ! nm R s N

1 S . N

S S

5 P S

N — Wall N

A\ rrrryrrrrrrinrrirrrirriir =

Bronze Aluminum

+ Length change due to force P can be found with: (from question) (o = P/A)

N
5, = Ply . Pla  here P =0wha=(-75—)(1800mm?)
ApEp  AgEq P =—135000 N
(135000)(0.35) (135000)(0.45)

= =762.3x10"°m = 0.7623
P (1500x10-%)(105x10°) ' (1800x10-6)(73x109) x m mm




Example 2

) L &p

T Initial length ~ Initial length ~
1 / 1 N I 1 N
D N (B R

3§ I~ 1 '
1 : 1 :
[~ I~
. s + P ‘ N
<5 ; 5 S
Wall FrrrrrrrrrrrrIrT T Wall T7rrTIrrrrrrrarrararreTTg

* Compatibility requirement § = 6T — 5P =0.5mm
§ = (18x107°AT) — (762.3x107¢) = 0.5x103
AT =70.1 C°
Tpew = To + AT = 24 + 70.1 = 94.1 C°

(a) The temperature at which the normal stress in Aluminum bar will be

-75 MPa
Example 2
6 =0.5mm =6, + 6, Knowing that a 0.5 mm gap exist between
N f | ~  bronze bar and wall when temperature is
N 8q +450 mm R i i
S :5b +350mm! al E 24 Celcius, determine
~ ~g
S E (a) temperature at which the normal stress
N R in Aluminum bar will be -75 MPa
3 K (b) corresponding length of Aluminum
ST T T o7 bar

* Now that we know AT, we can find &, or §,;. (length change of bronze and
aluminum bars)

« Similar to part a, 6 =067 —6p

S0 = Loyt AT — — 221 — (0.45)(23.2x10-6)(70.1) (135000)(0.45)
al = Lat@at =g = X ) 7 (1800x10-6)(73x10°)

8q = 0.27x1073m

L = 0.45 + 64 = 0.45 + 0.27x107% = 0.45027 m

al final




Example 3 -

| b b b b

A horizontal rigid bar AB is pinned at end A4 and supported by two wires (CD and
EF) at points D and F (Fig. 2-18a). A vertical load P acts at end B of the bar. The
bar has length 35 and wires CD and EF have lengths L; and L,, respectively.
Also, wire CD has diameter &, and modulus of elasticity E,; wire EF has
diameter o, and modulus E,.

(a) Obtain formulas for the allowable load P if the allowable stresses in wires
CD and EF, respectively, are o7 and o. (Disregard the weight of the bar itself’)

(b) Calculate the allowable load P for the following conditions: Wire CD is
made of aluminum with modulus E, = 72 GPa, diameter ¢, = 4.0 mm, and
length L, = 0.40 m. Wire EF is made of magnesium with modulus £, = 45 GPa,
diameter d» = 3.0 mm, and length L, = 0.30 m. The allowable stresses in
the aluminum and magnesium wires are oy = 200 MPa and o> = 175 MPa,
respectively.

Example 3 -
o E[ T
A D F Ly g ° Weneed forces in the wires
1 £ + Draw free body diagram
| b b b Vr Unkowns: Ty, Tz, Ry, Ry

But we can write 3 independent

Ry equations of equilibrium:

e 2 force + 1 moment equilibrium

1» Statically indeterminate
i (4 unknowns, 3 equations)

Taking moment w.r.t. A:
My =0 T;b+ T,(2b) —P(3b) =0 or T;+ 2T, =3P

» Force equilibrium in horizontal and vertical does not give any usefull
information about T; and T,.




Example 3

*  We can find the additional
equation by considering
compatibility

+ Displacement constraint
because of geometry and using
the fact that bar AB is rigid

¢ Under load P, the bar AB will
rotate clockwise, AB’ is rotated
position

« Since rotation is very small, we can assume §;,6, are vertical. They are

elongations of wires.
» Since |AD|=|DF|, from triangle 26, =6,
* The wires are under axial loading, so:
Tl

2

5 = 5, = TzLa where A, = ”—d%,AZ =Tz
AqEq AZE, 4 4
Example 3
T,L T,L
5, = 1L1 5, = 2L2
A Eq AzE,
* For convenience let:
Ly L,
f1 =T 2=
A1Eq AyE,
61 = T1f1 6, = Tzfz

From compatibility: 261 = 8, —> 2T f; = Tuf,
From moment equilibrium: Ty + 2T, = 3P
Solving, we find:
3f,P _ 6fiP
1= m 2T+ S




Example 3

(a) Obtain formulas for the allowable load P if the allowable stresses in wires
CD and EF, respectively, are oy and o. (Disregard the weight of the bar itself.)

T, = 3f2P , = 6f—1P We can find stresses in the wires using T;, T,
Af + fo 4fi + f2
T, 3P f, T, 6P f; 0y, 0, are allowable
o= ——- o) =—=——
VTA AAfit S 2T AT A Afi+ S stresses
+ Solve for P
Using oy
P = 0141(4f1 + f2)
= ——= 727
3
Using o, L * Smaller of P, and P, is the allowable load
A4+ fR)
’ 61

Example 3 -
E,=72GPa E,=45GPa

L2 e d1=4mm d2=3mm
VN m L;=040m L, =030m
01 = 200 MPa o, = 175 MPa

P

(b) Calculate the allowable load P for the following conditions: Wire CD is
made of aluminum with modulus £, = 72 GPa, diameter ¢ = 4.0 mm, and
length | = 0.40 m. Wire EF is made of magnesium with modulus £, = 45 GPa,
diameter ¢, = 3.0 mm, and length L, = 0.30 m. The allowable stresses in
the aluminum and magnesium wires are ¢y = 200 MPa and o, = 175 MPa,

respectively.
* We have equations;

oA (4f1 + f2)
r 3f, £ =
A (4fi + fo)
6f1

2 2
_ A =”_dl’A — T
hE PTmE VT T




Example 3 e
—_— E, =72GPa E, =45GPa
i’ g ' i
. L d; =4mm d, =3mm
2

| A D F ___B
h L — ) L;=040m L, =030m

‘ o, = 200 MPa o, = 175 MPa

| b b b

d? 0.004)2
_mdi _ m(0.004)7 1.2566x1075

1 2 4
014:1(4f1 + f2)
L = 00 Py = ———"==2410N
Ay =" = TO — 70686x107 1 3,
- - 04 _ g haGh R
h= A.E;  (1.2566x10-5)(72x10%) 4.4211x10 2 o7,
Lz 0.3 + Take smaller one
f=a5" = = 9.4314x10~7
AzE;  (7.0686x107%)(45x10°) Pattow = 1.26 kN
Example 4

Assume that ¢, and ¢, are measured
experimentally in a test.

ox#0,0,#0ando, =0

Show that following relations hold
& + VE gy 1 Vey
o B (S g =g (2
x 1—v2 1-v?

v

(Ex + Ey)

£, = —
z 1—v




Example 4

Remember multiaxial stress-strain relations

0. 0.

= FTVE ™M
Ox Oy

”(‘Sy:‘VF*E) )
0. 0.

e=vyvy @

Multiply (2) by v and add to (1)

1—v? & +vey,
vy, — [
Multiply (1) by v and add to (2)
12 gy + vey
&y T VE = £ Oy  — gy=E<m>
Example 4 e T Ve, e, T Ve
0 =BE(———) | | v =E\T—=
Inserts results into (3) 1—v 1—v
oy Oy
£, =—V——V—=
z E ' E

v & + vey) (ey + vex)
=—=\E|\—/—— E(=——
ez E( (1—1/2 TR

—vey —vie, —ve, —V2e,

£z = 1—v2
—v(extey) —Vi(&x + €)
2 = 1—v2
V(ex +&)(1+v) v(ex +&y)
= — E, = —-—
ez A—(+v) g 1-v)




Example 5

A sleeve in the form of a circular tube of length L is placed around a bolt and
fitted between washers at each end (Fig. 2-24a). The nut is then turned until it is
just snug. The sleeve and bolt are made of different materials and have different
cross-sectional areas. (Assume that the coefficient of thermal expansion ay of the
sleeve is greater than the coefficient ap of the bolt.)

(a) If the temperature of the entire assembly is raised by an amount AT,
what stresses o5 and o are developed in the sleeve and bolt, respectively?

(b) What is the increase & in the length L of the sleeve and bolt?

Nut Washer Sleeve Bolt head
AN '.
(I Wm Bolt
<
| .
Example 5
Nut  Washer Sleeve Holthead » If free expansion was
f allowed, the sleeve and
Wi Bolr ) bolt would elongate

(a)

8, }__
AT

(c)

differently.

However, since they are
held together by the
assembly, free expansion
can not occur and thermal
stresses are developed in
both materials.

Temperature-displacement
relations are:

81 = ag(AT)L 6, = ag(AT)L

Since a; > ag,

8 > 6,




Example 5

Nut  Washer Sleeve Bolt head * The axial forces in the

m sleeve and bolt must be
\
I

e ) such that they shorten the

sleeve and stretch the bolt
(a)

L ! until final lengths of the
’ sleeve and bolt are the
! o same
| . oz }— + P.:Compressive
mm | Pg: Tensile
1 P Pl _ PsL
(b) i 5\——?— 3 63 = EsAg 8y = EpAg

byt
* Now we can write an
equation of compatibility:

g

6:61_53:62+64

(c)

Example 5
§=08,—08;=256,+6,
§ = ag(AT)L — Bl _ ag(AT)L + Fsl
EsAs EpAp
PsL Pl
Ep A, + EA, = as(AT)L — ag(AT)L (1)

+ From equation of equilibrium: P = Pg  (2)

1 1
P L = (AT)L -
B (EBAB + EsAs> (AT)L(as — ag)

_ (as — ap)(AT)E;AsEgAp




Example 5

o5 = B _ los — an)(AT)EsEp 4y Compressive
5T Ag EsAg + EpAp
Py (as — ag)(AT)EsAsEg .
Ogp =—= Tensile
Ap EsAs + EgAp
Note that: + These stresses are independent of length
» Their magnitudes are inversely proportional to their
respective areas
os Ap
OB B Ag
Example 5

For elongation we can substitute Pz or Ps into § equation

PS=PB=

(as — ap)(AT)EsAsEpAg

6= AT)L —
as(AT) E

§ = ag(AT)L +

EcAs + EpAp

Pl (AT)L + PglL
=a
sAs ° EgAp

(as — ap)(AT)EsAsEgApg L

EsAs + EgApg EgAp




Example 5

(as — ap)(AT)EsAsEgApg L

8§ = ag(AT)L +
ap(AT) EcAg + Egdp EpAg

52 % (AT)L(EsAs + EgAg) + (ag — ap)(AT)LEsAg
B EsAs + EgAp

_ (asEsAg + agEpAp)(AT)L
B EsAs + EgAp






