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Quiz – I 

MECE 574 Industrial Automation and Robotics Technology 

Fall 2025 

Q1: For Euler angles with rotation sequence X-Z-Y, where 

• Roll 𝜙 is about X-axis 

• Yaw 𝜓 is about Z-axis 

• Pitch 𝜃 is about Y-axis 

 

1. Build a generic rotation matrix for 

a. The extrinsic (axis fixed in space) rotations 

b. The intrinsic (rotations about the body’s moving axis) rotations 

2. Evaluate both composite rotation matrices for (𝜙, 𝜓, 𝜃) = (
𝜋

4
,

𝜋

2
,

𝜋

2
). 

3. Compare the results for both extrinsic and intrinsic rotation matrices. 

 

Solution: 

1.a. Extrinsic rotation 

As the rotations are around fixed axis, therefore pre-multiplication is performed 

𝑅𝑋𝑍𝑌 = 𝑅𝑜𝑡(𝑌, 𝜃)𝑅𝑜𝑡(𝑍, 𝜓)𝑅𝑜𝑡(𝑋, 𝜙) 

𝑅𝑋𝑍𝑌 = [
𝑐𝜃 0 𝑠𝜃
0 1 0

−𝑠𝜃 0 𝑐𝜃
] [

𝑐𝜓 −𝑠𝜓 0
𝑠𝜓 𝑐𝜓 0
0 0 1

] [
1 0 0
0 𝑐𝜙 −𝑠𝜙
0 𝑠𝜙 𝑐𝜙

] 

𝑅𝑋𝑍𝑌 = [

𝑐𝜃𝑐𝜓 𝑠𝜃𝑠𝜙 − 𝑐𝜃𝑐𝜙𝑠𝜓 𝑐𝜙𝑠𝜃 + 𝑠𝜙𝑐𝜃𝑠𝜓
𝑠𝜓 𝑐𝜙𝑐𝜓 −𝑠𝜙𝑐𝜓

−𝑠𝜃𝑐𝜓 𝑐𝜃𝑠𝜙 + 𝑐𝜙𝑠𝜃𝑠𝜓 𝑐𝜙𝑐𝜃 − 𝑠𝜙𝑠𝜃𝑠𝜓
] 

1.b. Intrinsic rotation 

As the rotations are around moving axis, therefore post-multiplication is performed 

𝑅𝑋𝑍𝑌 = 𝑅𝑜𝑡(𝑋, 𝜙)𝑅𝑜𝑡(𝑍, 𝜓)𝑅𝑜𝑡(𝑌, 𝜃) 

𝑅𝑋𝑍𝑌 = [
1 0 0
0 𝑐𝜙 −𝑠𝜙
0 𝑠𝜙 𝑐𝜙

] [
𝑐𝜓 −𝑠𝜓 0
𝑠𝜓 𝑐𝜓 0
0 0 1

] [
𝑐𝜃 0 𝑠𝜃
0 1 0

−𝑠𝜃 0 𝑐𝜃
] 
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𝑅𝑋𝑍𝑌 = [

𝑐𝜃𝑐𝜓 −𝑠𝜓 𝑠𝜃𝑐𝜓
𝑠𝜙𝑠𝜃 + 𝑐𝜙𝑐𝜃𝑠𝜓 𝑐𝜙𝑐𝜓 𝑐𝜙𝑠𝜃𝑠𝜓 − 𝑠𝜙𝑐𝜃
𝑠𝜙𝑐𝜃𝑠𝜓 − 𝑐𝜙𝑠𝜃 𝑠𝜙𝑐𝜓 𝑐𝜙𝑐𝜃 + 𝑠𝜙𝑠𝜃𝑠𝜓

] 

 

2. Evaluate 

𝑅𝑒𝑥𝑡 = [
0 0.707 0.707
1 0 0
0 0.707 −0.707

] 

𝑅𝑖𝑛𝑡 = [
0 −1 0

0.707 0 0.707
−0.707 0 0.707

] 

3. The results for both operations are not equal due to the order of the rotation. 

Moreover, once you form an expression, then mathematically the result operation from L-R or 

from R-L must both be same. 

Q2: Calculate the forward kinematics of the 3-link robot manipulator. Draw link-coordinate 

diagram. Determine all kinematics parameters of the DH Table. Determine arm matrix from 

base-tool. 

 

Figure 1: 3-link robot manipulator 
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DH Table 

 𝛼 𝑎 𝑑 𝜃 

1 0 4 0 𝜃1 

2 0 2 0 𝜃2 

3 90 1 0 𝜃3 

 

General Homogenous transformation matrix for DH transformation 

𝑇 = [

𝑐𝑜𝑠𝜃 −𝑐𝑜𝑠𝛼 𝑠𝑖𝑛𝜃 𝑠𝑖𝑛𝛼 𝑠𝑖𝑛𝜃 𝑎𝑐𝑜𝑠𝜃
𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝛼 𝑐𝑜𝑠𝜃 −𝑠𝑖𝑛𝛼 𝑐𝑜𝑠𝜃 𝑎𝑠𝑖𝑛𝜃

0 𝑠𝑖𝑛𝛼 𝑐𝑜𝑠𝛼 𝑑
0 0 0 1

] 

 

𝑇0
1 = [

𝑐𝑜𝑠𝜃1 −𝑠𝑖𝑛𝜃1 0 4𝑐𝑜𝑠𝜃1

𝑠𝑖𝑛𝜃1 𝑐𝑜𝑠𝜃1 0 4𝑠𝑖𝑛𝜃1

0 0 1 0
0 0 0 1

] 

𝑇1
2 = [

𝑐𝑜𝑠𝜃2 −𝑠𝑖𝑛𝜃2 0 2𝑐𝑜𝑠𝜃2

𝑠𝑖𝑛𝜃2 𝑐𝑜𝑠𝜃2 0 2𝑠𝑖𝑛𝜃2

0 0 1 0
0 0 0 1

] 

𝑇2
3 = [

𝑐𝑜𝑠𝜃3 0 −𝑠𝑖𝑛𝜃3 𝑐𝑜𝑠𝜃3

𝑠𝑖𝑛𝜃3 0 𝑐𝑜𝑠𝜃3 𝑠𝑖𝑛𝜃3

0 1 0 0
0 0 0 1

] 

𝑇0
3 = 𝑇0

1𝑇1
2𝑇2

3 = [

𝑛𝑥 𝑜𝑥 𝑎𝑥 𝑝𝑥

𝑛𝑦 𝑜𝑦 𝑎𝑦 𝑝𝑦

𝑛𝑧 𝑜𝑧 𝑎𝑧 𝑝𝑧

0 0 0 1

] 
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𝑇0
3 = [

𝑐𝑜𝑠𝜃1 −𝑠𝑖𝑛𝜃1 0 4𝑐𝑜𝑠𝜃1

𝑠𝑖𝑛𝜃1 𝑐𝑜𝑠𝜃1 0 4𝑠𝑖𝑛𝜃1

0 0 1 0
0 0 0 1

] [

𝑐𝑜𝑠𝜃2 −𝑠𝑖𝑛𝜃2 0 2𝑐𝑜𝑠𝜃2

𝑠𝑖𝑛𝜃2 𝑐𝑜𝑠𝜃2 0 2𝑠𝑖𝑛𝜃2

0 0 1 0
0 0 0 1

] [

𝑐𝑜𝑠𝜃3 0 −𝑠𝑖𝑛𝜃3 𝑐𝑜𝑠𝜃3

𝑠𝑖𝑛𝜃3 0 𝑐𝑜𝑠𝜃3 𝑠𝑖𝑛𝜃3

0 1 0 0
0 0 0 1

] 

𝑇0
3 = [

𝑐123 0 𝑠123 4𝑐1 + 2𝑐12 + 𝑐123

𝑠123 0 −𝑐123 4𝑠1 + 2𝑠12 + 𝑠123

0 1 0 0
0 0 0 1

]                 (1) 

Q3: Determine joint angles for the 3-link robot manipulator shown in Figure 1 using Inverse 

Kinematics. Utilize both analytical and geometric approaches to perform IK operation. 

Solution: 

Analytical Approach 

From Eq. (1),  

𝑠123

𝑐123
=

𝑡21

𝑡11
 

𝜃123 = 𝑡𝑎𝑛−1 (
𝑡21

𝑡11
) 

Also remember that 𝜃123 = 𝜃1 + 𝜃2 + 𝜃3 and 𝜃12 = 𝜃1 + 𝜃2. 

 

(𝑇0
1)−1𝑇0

3 = 𝑇1
2𝑇2

3 

(𝑇0
1)−1 = [

𝑐𝜃1 𝑠𝜃1 0 −4
−𝑠𝜃1 𝑐𝜃1 0 0

0 0 1 0
0 0 0 1

] 

[

𝑐𝜃1 𝑠𝜃1 0 −4
−𝑠𝜃1 𝑐𝜃1 0 0

0 0 1 0
0 0 0 1

] [

𝑛𝑥 𝑜𝑥 𝑎𝑥 𝑝𝑥

𝑛𝑦 𝑜𝑦 𝑎𝑦 𝑝𝑦

𝑛𝑧 𝑜𝑧 𝑎𝑧 𝑝𝑧

0 0 0 1

] = [

𝑐23 0 𝑠23 𝑐23 + 2𝑐2

𝑠23 0 −𝑐23 𝑠23 + 2𝑠2

0 1 0 0
0 0 0 1

] 

[

𝑛𝑥𝑐1 + 𝑛𝑦𝑠1 𝑜𝑥𝑐1 + 𝑜𝑦𝑠1 𝑎𝑥𝑐1 + 𝑎𝑦𝑠1 𝑝𝑥𝑐1 + 𝑝𝑦𝑠1 − 4

−𝑛𝑥𝑠1 + 𝑛𝑦𝑐1 −𝑜𝑥𝑠1 + 𝑜𝑦𝑐1 −𝑎𝑥𝑠1 + 𝑎𝑦𝑐1 −𝑝𝑥𝑠1 + 𝑝𝑦𝑐1

𝑛𝑧 𝑜𝑧 𝑎𝑧 𝑝𝑧

0 0 0 1

] = [

𝑐23 0 𝑠23 𝑐23 + 2𝑐2

𝑠23 0 −𝑐23 𝑠23 + 2𝑠2

0 1 0 0
0 0 0 1

]  

            (2) 

By comparing (2,2) on both sides from Eq. (2) 

−𝑜𝑥𝑠1 + 𝑜𝑦𝑐1 = 0 
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𝜃1 = 𝑡𝑎𝑛−1 (
𝑜𝑦

𝑜𝑥
) 

By comparing (1,4) and (2,4) on both sides from Eq. (2) 

𝑝𝑥𝑐1 + 𝑝𝑦𝑠1 − 4 = 𝑐23 + 2𝑐2 

−𝑝𝑥𝑠1 + 𝑝𝑦𝑐1 = 𝑠23 + 2𝑠2 

By applying square on both sides of the equations above 

(𝑝
𝑥
𝑐1 + 𝑝

𝑦
𝑠1 − 4)

2

= (𝑐23 + 2𝑐2)2 

(𝑝
𝑥
𝑐1 + 𝑝

𝑦
𝑠1 − 4)

2

= 𝑐23
2 + 4𝑐2

2 + 4𝑐23𝑐2        (3) 

(−𝑝
𝑥
𝑠1 + 𝑝

𝑦
𝑐1)

2

= (𝑠23 + 2𝑠2)2 

(−𝑝
𝑥
𝑠1 + 𝑝

𝑦
𝑐1)

2

= 𝑠23
2 + 4𝑠2

2 + 4𝑠23𝑠2        (4) 

By adding Eqs. (3) and (4) 

(𝑝
𝑥
𝑐1 + 𝑝

𝑦
𝑠1 − 4)

2

+ (−𝑝
𝑥
𝑠1 + 𝑝

𝑦
𝑐1)

2

= 5 + 4(𝑐23𝑐2 + 𝑠23𝑠2) 

Expanding 𝑐23𝑐2 + 𝑠23𝑠2 = 𝑐3. Therefore 

𝑐3 =
(𝑝

𝑥
𝑐1 + 𝑝

𝑦
𝑠1 − 4)

2

+ (−𝑝
𝑥
𝑠1 + 𝑝

𝑦
𝑐1)

2

− 5

4
 

Using identity 𝑠3 = ±√1 − 𝑐3
2. 

𝜃3 = 𝑡𝑎𝑛−1 (
𝑠3

𝑐3
) 

We can use the combined angle 𝜃123 = 𝜃1 + 𝜃2 + 𝜃3 to determine our last unknown angle, 𝜃2. 

𝜃123 − 𝜃1 − 𝜃3 = 𝜃2 

This concludes our analytical analysis. 
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Geometric approach 

 

 

 

 

The wrist coordinates are given by 

𝑥𝑤 = 𝑥𝑒 − 𝑙3𝑐𝑜𝑠∅𝑒 

𝑦𝑤 = 𝑦𝑒 − 𝑙3𝑠𝑖𝑛∅𝑒 

Determine angle 𝛼 as 

𝛼 = 𝑡𝑎𝑛−1
𝑦𝑤

𝑥𝑤
 

Use law of cosine 

𝑙1
2 + 𝑙2

2 − 2𝑙1𝑙2𝑐𝑜𝑠𝛽 = 𝑟2 

Where 𝑟2 = 𝑥𝑤
2 + 𝑦𝑤

2 . 

Determine angle 𝜃2. 
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𝜃2 = 𝜋 − 𝛽 = 𝜋 −
𝑙1

2 + 𝑙2
2 − 𝑥𝑤

2 − 𝑦𝑤
2

2𝑙1𝑙2
 

Use law of cosine 

𝑟2 + 𝑙1
2 − 2𝑟𝑙1𝑐𝑜𝑠𝛾 = 𝑙2

2 

Determine angle 𝜃1 

𝜃1 = 𝛼 − 𝛾 = 𝑡𝑎𝑛−1
𝑦𝑤

𝑥𝑤
− 𝑐𝑜𝑠−1

𝑟2 + 𝑙1
2 − 𝑙2

2

2𝑟𝑙1
 

Determine angle 𝜃3 

𝜃3 = ∅𝑒 − 𝜃1 − 𝜃2 

 

 

 


