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Materials used

e Chapter 2,3 Introduction to Robotics, John J. Craig
* Chapter 2, Introduction to Robotics, Saeed B. Niku



Representation of Orientation

* All columns are mutually orthogonal and have unit magnitude.
* Determinant of a rotation matrix is equal to +1

* Rotation matrices may also be called proper orthonomal matrices,
where proper refers to the fact that the determinantis +1

* Orientation can be describe with fewer than nine numbers
R=(,-5)"1(;+5)

* I3 is a 3 X 3 identity matrix.

e Sis a skew-symmetric matrixi.e.,, S = —ST
0 -5, s

S — Sz 0 _Sx

—Sy sx 0




Representation of Orientation

* Nine elements of a rotation matrix are not all indepndent
R=[Xx Y Z]
* There exists six constraints on the nine matrix elements
X =17 =1,|z[ =1

~
L ]

X-Y=0X-2Z=0Y-Z2=0



X-Y-Z Fixed Angles

Start with the frame coincident with a known reference frame {A}.
Rotate {B} first about X, then about Y and finally about Z.




X-Y-Z Fixed Angles

* Sometimes this convention is referred to as roll, pitch, yaw angles

R =Rot(Z,a)l,Rot(Y, B)Rot(X,y)

Ca -Sa 0][CB 0 SB[l 0 0
=|Sa Ca 0} O 1 O ||0O Cy =Sy
0 0 1|-Sg 0 CBJ|I0 Sy Cyr_
CaCB CaSpSy—SaCy CaSBCy+SaSy |
=| SaCp SaSpSy+CaCy SaSpCy—-CaSy
-Sp CpSy CpCy




X-Y-Z Fixed Angles

* Inverse problem is of extraction of X-Y-Z fixed angles from a rotation

matrix
[ CaCB CaSpBSy—SaCy CaSpCy+SaSy ] ET
R=|SaCp SaSpSy+CalCy SaSpCy—-CaSy R=|r, nr,
| —Sp CpSy CpCy | B Ty

e tan~1is atwo argument arc tangent o = arctan (’”2_1>
: : 11
unction

—T31
p = arctan( - - >
Vi1 T 1

y = arctan | —
I33




/-Y-X Euler Angles

Start with the frame coincident with a known reference frame {A}.
Rotate {B} first about Z, then about Y and finally about X.
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/YX Euler Angles

Z-Y-X intrinsic rotation Euler angles are defined as follows:
* Rotate about Z (of the original fixed frame) by a (yaw)

* Rotate about Y of the new frame (frame after rotation in 1.)
by B (pitch)

* Rotate about X of the new frame (frame after rotation in 2.)
by y (roll)



/-Y-X Euler Angles

 Such sets of three rotations are called Euler Angles

R=Rot(Z,a)l;Rot(Y, B)Rot(X,y)

Ca —-Sa 0|[CB 0 Sp|[1 O 0
=|Sa Ca 0} O 1 O ||0O Cy =Sy
0 0 1|-Sg 0 CBJ|I0 Sy Cyr_
CaC,B CaSpBSy—-SaCy CaSPCy+SaSy |
=|SaCp SaSpSy+CaCy SaSpCy—-CaSy
—Sp CpSy CpCy

Z pre-multiplied Y and X post-multiplied




/-Y-Z Euler Angles

Start with the frame coincident with a known reference frame {A}.
Rotate {B} first about Z, then about Y and finally about Z.

R =Rot(Z,a)l,Rot(Y, B)Rot(Z,y)

(Ca -Sa 0][CB 0 SB|[Cy -Sy 0]
=|Sa Ca 0 O 1 O ||Sy Cy O
| 0 0 1j|-Sg 0 CB| 0 0 1]
[ CaCpBCy—-SaSy —CaCBSy—SaCy CaSp |
=|SaCpCy+CaSy -SaCpSy+CaCy SaSp

-SpBCy SpBSy Cp




Review
* Coordinate transformation from {B} to {4}

ATB

A_ P ARB Aro' B_ P
 Homogeneous transformation matrix
- _ — T
y 4.0 T il
Ry “r | Ry By
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vector
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Review

*Homogeneous Transformation

*Special cases
1. Translation

ATB
2. Rotation

A TB

]3><3
_Ol><3
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Review

*Composite Homogeneous Transformation Matrix

*Rules:
*Transformation (rotation/translation) w.r.t.
(X,Y,Z) (OLD FRAME), using pre-multiplication
*Transformation (rotation/translation) w.r.t.
(UV,W) (NEW FRAME), using post-
multiplication

14



Review

* Homogeneous Representation
* A point in R’ space

_px_
P= Py € Homogeneous coordinate of P w.r.t. OXYZ
P-
| Z

* A frame in R’space
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Quiz 1

* How to get the resultant rotation matrix for YPR?

I'=R_,R /4R, ,

Chp —So
S C¢
0 0
0 0
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Quiz 2

* Geometric Interpretation?

. I'=

R3><3

0

})3><1
1

Orientation of OUVW coordinate
frame w.r.t. OXYZ frame

Position of the origin of OUVW
coordinate frame w.r.t. OXYZ frame

Inverse Homogeneous Matrix?

T =

T7'T =

RT
0

RT
0

_R'P
1

_R'P
|

Inverse of the rotation submatrix
Is equivalent to its transpose

Position of the origin of OXYZ
reference frame w.r.t. OUVW frame

R P|] [R'TR 0
— :]4><4

0 1 0 1
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Kinematics Model

*Forward (direct) Kinematics
q = (% 9Q29”'qn)

Joint Position and Orientation

variables _ . . of the end-effector
1 Direct Kinematics >

Inverse Kinematics |j<—

Y=(x,1,2,0,0,y)
*|Inverse Kinematics

18



Robot Links and Joints

positioning/orienting

Robotic Tasks
force/moment exerted on

environment

Chain of rigid bodies connected by joints

— B

;f > e e BT —
end-effector

joints: power giving, performing
- ~ connecting mechanisms robotic tasks

e S5 S
ol il i el el o i i i i o i
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Denavit Hartenberg Representation of a
general purpose joint-link combination

Joint n Joint n+1 Joint n+2

| Parallel to =
| Parallel to z,_,

20



Link and Joint Parameters

* Joint angle @, : the angle of rotation from the X, axis to the X; axis
about the Z_; axis. It is the joint variable |fJomt i is rotary.

* Joint distance d ;: the distance from the origin of the (i-1)
coordinate system to the intersection of the Z._; axis and the X,
axis along the Z, ; axis. It is the joint variable if joint i is prismatic.

* Link length a.: the distance from the intersection of the Z, ; axis
and the X; axis to the origin of the ith coordinate system along
the X; axis.

* Link twist angle : the angle of rotation from the Z,_, axis to the
Z; axis about the X; axis.
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DH Convention
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Denavit-Hartenberg Convention

* Number the joints from 1 to n starting with the base and ending with the
end-effector.

* Establish the base coordinate system. Establish a right-handed orthonormal
coordinate system(X,,Y;,Z,at the supporting base withZ, axis lying along
the axis of motion of joint 1.

* Establish joint axis. Align the Z. with the axis of motion (rotary or sliding) of
joint i+1.
 Establish the origin of the ith coordinate system. Locate the origin of the ith

coordinate at the intersection of the Z, & Z._; or at the intersection of
common normal between the Z, & Z_, axes and the Z axis.

* Establish X; axis. Establish X, =x(Z,_,xZ,)/|Z_,xZ, or along the common
normal between the Z_, & Z, axes when they are parallel.

* Establish Y, axis. Assign Y, =+(Z,x X,)/|Z,x X,| to complete the right-
handed coordinate system.

* Find the link and joint parameters

23



Example |
3 Revolute Joints

Z3
“Zo Joint 3@:
Y, o, %
éEZ/ Link 1
Joint 1 _/OO X, \_ng X, 02X2
Joint 2
v Y2




Link Coordinate Frames

* Assign Link Coordinate Frames:

* To describe the geometry of robot motion, we assign a Cartesian
coordinate frame (O, X,)Y,,Z,) to each link, as follows:

* establish a right-handed orthonormal coordinate frame O, at the
supporting base with Z, lying along joint 1 motion axis.

* the Z, axis is directed along the axis of motion of joint (i + 1), that is,
link (i + 1) rotates about or translates along Z;;

Z0
A .
@ Link 1
Joint 1 /ﬁo LD X (0%
Joint 2
VY,
g a;
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Link Coordinate Frames

* Locate the origin of the ith coordinate at the intersection of
the Z, & Z, , or at the intersection of common normal between
the Z, & Z, , axes and the Z, axis.

* the X. axis lies along the common normal from the Z, ; axis to
the Z axis X, =+(Z_ xZ)/|Z_ =< Z,| , (if Z_, is parallel to Z, then
X is specified arbitrarily, subject only to X: being perpendicular
to Z));

Z;

Zo % Joint 3¢
¢ Y, o, %
Joint1i%§‘xo _D X, 0,x,
Joint 2
'Y,
A a

26



Link Coordinate Frames

« Assign Y =+(Z,xX)/|Zx X} to complete the right-
handed coordinate system.

* The hand coordinate frame is specified by the geometry
the end-effector. Normally, establish Z,, along the direction”of
Z, , axis and pointing away from the robot; establish X, such
that it is normal to both Z, , and Z, axes. Assign Y/, to
complete the right-handed coordinate system.

27



Example |

Joint 1

D-H Link Parameter Table

Joint 2

Y, Jointi| o a; d;

a0 al 1 0 d 0

0;
(o, : rotation angle from Z, ,; to Z; about X, 2 | 90 | a 0 .

d. : distance from intersection of Z. ; & X, 3 0 0 d
to origin of 1 coordinate along X,

d ; + distance from origin of (i-1) coordinate to intersection of Z, ; & X, along Z, ,

6’l. : rotation angle from X, ; to X, about Z,

28



Example I: PUMA 260

Waist rotaéion 330° 1.  Number the joints
- gi? Shoulder roation 310° 2. Establish base frame
\’/ (/ : N 0, 3. Establish joint axis Zi
'( N 4. Locate origin, (intersect.
0% E“"’jvé“‘“'“’“ of Zi & Zi-1) OR (intersect
I of common normal & Zi)

5. Establish XY
L/
4 X =HZ _xZ)/N\Z. ,xZ.

U p _
: Wn'.f¢95 Y =+(Z xX,))/|Z xX,
': R :'4 N conation
F PUMA 260 :

29



Link Parafrneters

Waist rotdtion 330°

Shoulder rotation 310°

(o~ 5°

Elbow rotation

o0 (o
o

©
o
o|o|o|o|®|o|g
L

oe
N 2
N 35
%
(O]

Ol |hh|WIN|—~|C

-90 8
‘ 1 . 65 | 90 0
\ 0' I' 80 in ,( 5
SRR, e Lelado Lo |
4;\('/' ‘:ﬁ o, 02 angle from X, to X,
X g ]US'?Q‘\ 5 about Z__,
) P PN 56 X angle fromZ,_, to Z,
< 0 4 3®) about X,
- XY a; : distance from intersection
| f * ofZ, ;& X;to Oialong X,

Joint distance d ;: distance from Oi1 to intersection of Z. ;& X along Z_,
30



Transformation between i-1 and i

* Four successive elementary transformations are
required to relate the i-th coordinate frame to the (i-
1)-th coordinate frame:

* Rotate about the Z ; ; axis an angle of & to align the X ., axis
with the X ; axis.

* Translate along the Z ; ; axis a distance of d,, to bring X, ; and
X;axes into coincidence.

* Translate along the X; axis a distance of g, to bring the two
origins O, ; and O; as well as the X axis into coincidence.

* Rotate about the X; axis an angle of ¢ ( in the right-handed
sense), to bring the two coordinates into coincidence.

31



Transformation between i-1 and i

* D-H transformation matrix for adjacent coordinate
frames, i and j-1.

* The position and orientation of the i-th frame coordinate can be
expressed in the (i-1)th frame by the following homogeneous
transformation matrix:

S

T, =T(z_,d)R(z,,6)T(x;,a,)R(x;, ;)
CO. —-CaSO. SaS0. aC0, ]
S0. Ca,CO, -SaCO. asSo.

0 Sa. Cao. d.
0 0 0 1

32



Kinematic Equations

* Forward Kinematics g =(q,,9,,"q,)
n
* Given joint variables @
* End-effector position & orientation

o Y =(x,5,2,¢,0,y)
* Homogeneous matrix 7,

* specifies the location of the ith coordinate frame w.r.t. the
base coordinate system

* chain product of successive coordinate transformation

matrices of
I
TH T _ TITZ T Position
0O ~ *0*1 % pn- vector
e _|& B oa B

0 1 0O 0 0 1

33



Kinematics Equations
* Other representations

* reference from, tool frame

* Yaw-Pitch-Roll representation for orientation

Ttool _ BO TnHtool

ref=0 n

I'=R_ R ,R

Z,07 " y,07 Xy
Cp -Sp 0 0] CO
S¢ Cé 0 0| 0
0 0 1 0|l -S6
0 0 0 1] 0

oS O = O

oSO O =

0 0 O
Cy =Sy 0
Sy Cy 0
0 0 1

34




Representing forward kinematics

* Forward kinematics e Transformation Matrix

0] |p.

62 py n. s, d, P,

(93 p T — n, 5, 4, P,

P = 5 n. s, a, p,

* 0 0 0 I

O, O - B

O




Representing forward kinematics
* Yaw-Pitch-Roll representation for orientation

]’(V)I/l

]‘E)n

=Sa>

C

d

0 0

1CICH Csosy—SgCy  CosaCy +54Sy
SpCO  SoSOSyw + CopCy
CSy

SIS Cy —CoSy
0
0 =sin"'(-n,)
L. a
v l(c’(;szﬁ)
?= COS_1((:()sx¢9)

Problem? Solution is inconsistent and ill-conditioned!!

Py




atan2(y,x)

f=atan2(y,x) =

0°<8<90° for +x and +y
0<1

<180° for —-x and +y

-180°<8<-90" for —x and -y

| -90°<0<0" for +x and -y

37



Yaw-Pitch-Roll Representation

T = RZ¢Ry6,R

Cp —Sé 0
|S¢ Cp 0
1o 0 1
0 0 0
_I/lx Sx Clx

_ ny Sy ay
nz Sz CZZ

| O O 0

co
0
%
0

oS O = O

S0
0
co
0

_—o O O

1

0 Cy

0

0

0

0

0

-Sy 0
0 Syw Cyw O

0

1
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Yaw-Pitch-RoII Representation

R ,T=R,,R.,
'C¢ S 0 O|[n. s
-S¢ Cp 0 Ofln, s,
0 0 1 Of|n s,
0 0 0 1|],O0 O
CcCO 0 SO O0][1 O
|0 1 0 00 Cy
=S8 0 CcoO 0||0 Sy
0 0 0 1|0 0

(Equation A)
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Yaw-Pitch-Roll Representation

« Compare LHS and RHS of Equation A, we have:
—sm¢-n . +cosg-n, =0 mmd g=qgtan2(n,,n,)

{cosgﬁ-n +sm @-n, =cos o t

n,=—smo 6’=atan2(—nZ,COS¢°nZ+Sin¢‘ny)

—Sn @-s, +CoSP-s, =Cosy
—sm¢-a, +cosg-a, =—smy

]

y =atan2(sm ¢-a, —cos¢-a,,—Sm@-s +Ccos@-s )

40



Kinematic Model

* Steps to derive kinematics model:
* Assign D-H coordinates frames
* Find link parameters
* Transformation matrices of adjacent joints
* Calculate Kinematics Matrix
* When necessary, Euler angle representation

41



Example

Z;

Joint 3@1
0, X
Joint 1

Joint 2

v Y2

: a a, Jointi| q,; a; d; 0;
1 0 5Ny 0 90
2 | 90 | a 0 0,
3 0 0 d, 0,

42



Example

(cosO, —sinf, 0

Joint i : ; d; i .
ointi| o a 0 | sin0, cost, 0
B R "o 0 1
2 | 9 | a | 0 | o 0 0 0

(cos®, 0 —sing,
, |sin@, 0 cosf,
I Y
CO, —Ca,SO, Sa,S6, a,Cé,
_|s6  CaCo  —Sa,CO,  aSo, 0 0 0
| 0 Sa, Ce, d. i
|0 0 0 1 cos0, —sind,
sind, cosé
3 2 2
T'=

T, =(TNTNT) 0 0
0 0

e = O <@




Example: Puma 560
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Example: Puma 560




Link Coordinate Parameters

PUMA 560 robot arm link coordinate parameters

Jointi| 0; o; |ai(mm)| di(mm,
1 0, -90 0 0
2 0, 0 431.8 |149.09
3 03 90 | -20.32 0
4 0.4 -90 0 433.07
5 05 90 0 0
6 O¢ 0 0 56.25
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Example: Puma 560

coetd, 0 9 —s=ind, O cosf; —sinf: 0 azcosfs
a . sind, 0 cosfd, O 1 _ sintz costz; 0 azsind:
T, = 0 —1 0 0 T, o o (N o
0 0 N 1 o o o 1
cost; 0O =1n B a3 cosHs cos By O —s=intd; 0O
el sint; 0 —cosfs; a;sinds a sin 0y o costy 0
3 = 0 1 0 0 1 0 —1 (i y
0 0 0 1 o o o 1
coests 0 sind 0
. 5 ? costy —sintg 0 O
1 sintls 0 —cosfs O :
T, = 5 sinfls cosfg 0 O
0 1 0 0 T =
0 0 0 1 0 0 1 dg
0 0 o 1



Example: Puma 560

T = °T, T, *T, °T  *T *Tg = | ¥ v v Py
iz Sz dz Po=
[ [ 1

ny, = cyfCas(cycsts — 5156) — S23850s) — 51(5405Cq + 4 5a)

My = SL{CE.-;{CE.'&C& — SJ.Sﬁ] — 52.‘555'f|3] + ':'J_l:LS.J.'fE-':'E + ':15!3]

M. = —S83(CyCsCe — S48a) — C238sCq

sz = o —cas(cucsss + 540a) 4 S238556) — s1(—54cs5a + cucs)

Sy = si1(—cosicuCsss 4 5uce) 4 5235556 ) + 1 —suCs56 + cace)

S, = Sy3(CyCr8g + 5406) — 235556

ay = cy(Cos0ySs 4 Sp30s) — 515455

Ay = 51(C23Cy5s 4 5230s) + 15,55

@, = —530C455+ C2als)

Pr = cilda(coscyss + Soacs) + S2ady + ascos + a2cz) — 51(dasiss + da)

Py = silda(ccyss 4+ s23cs) + sasdy + asces + azea) + o1 dasyss + dz)

da(Cascs — Sp3cu8s) + C2ady — Az — 4282

=
|



Inverse Kinematics
*Given a desired position (P) &
orientation (R) of the end-

effector @ Z

q9 =(4,.9,,""4,)

*Find the joint variables which
can bring the robot the desired
configuration

49



Inverse Kinematics

 More difficult

e Systematic closed-form solution
in general is not available

* Solution not unique
e Redundant robot

* Elbow-up/elbow-down
configuration

* Robot dependent

50



Inverse Kinematics

e Transformation Matrix

_nx Sx ax px— 2

0,

n S a p |:: s

T _ )% y y y _ ]Blﬂ2T23];4n5]ﬂ56 :34
nz SZ az pz 0;

0 00 0 1 -

Special cases make the closed-form arm solution possible:
1. Three adjacent joint axes intersecting (PUMA, Stanford)

2. Three adjacent joint axes parallel to one another (MINIMOVER)
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Thank youl!
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