CHAPTER THREE
GEOMETRY,

TRIGONOMETRY & GRAPHS

Example

Find AB

19

S

BC _ G50

A‘}/ = COSS D°

AR = 15% (0559= 3. 64,

B = 455mSd = 11,49
C

B

Clearly AB is the required side. AC is the given side so BC is not required. In
this problem BC is the opposite side: -

O
Cross out ratios with opposite: Sin (‘,0 -

=

g ; . _ Do
Sip = Oppesite  ~ _ Adjacent . =~ Oppesite A= 1697\'\4

Hypotenuse Hypotenuse i Adiaeent
=19.60
Cos is the required ratio
o X
Cos 50° = it
x = Cos 50 x 15

x = 9.6cm (1 dp)

Types of Triangle

A polygon is a plane figure bounded by straight lines. Therefore a triangle (3

sides) is the smallest polygon possible. The sum of the angles of a triangle is
180" irrespective of its shape or size.

In any triangle, the longest side always lies opposite to the largest angle and the
shortest side always lies opposite to the smallest angle. It follows that if two
sides of a triangle are equal, then the angles opposite those sides must also be

equal.

a) Acute Angled Triangle

As the name suggests an acute angled triangle has each of its three angles less
than 90°.
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CHAPTER THREE
GEOMETRY, TRIGONOMETRY & GRAPHS

b) Obtuse Angled Triangle
This has one of its angles greater than 90°.

NB: It is impossible to have two angles greater than 90°, since the three angle
sum is always 180°.

<9

580

c) Right Angled Triangle g

A

In this type of triangle, one angle is equal to 90°. The side opposite to it is~
called the hypotenuse and is the longest side in the triangle.

9
5
@Q
o
L

o
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d) Isosceles Triangle

This type of triangle has two equal sides and therefore the angles opposite
these sides must also be equal.

e) Equilateral Triangle

This type of triangle has three equal sides and therefore the angles opposite

these sides must also be equal. Since the angle sum is 180°, then each of these
angles must be 60°.

f) Scalene Triangle

This is a more general term for a triangle that has three sides of different
length. It follows therefore that the three angles must be different sizes. Only

acute angled, obtuse angled and some right-angled triangles are in this category.

Example 1

Find the angle marked x in the following triangle:
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CHAPTER THREE
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50+ (02X =180°

A= A= 50— LO
A=70°

Since the three angles of a triangle add up to 180° then:-

x = 180° - 50° - 60°
x = 70°

Example 2

In the triangle ABC, AC = BC and C = 50°. Find the angles A and B
© o
A+AU+50° =430/ 3
4
29=A%0°-5D
o
2% =150
n= 09"

(>0 Vg

pue J31pI e

t

\

) It

A

Since AC=BC, the triangle is isosceles and therefore the angles opposite the
equal sides L A and L B must be equal.

So LA + LB = 180° - 50° = 130°
and LA = LB :%:650

X
Example 3
)
In the triangle XYZ, XY = XZ and LXZY = 65° 50
a)  Find LXYZ = 65°
b)

Find LYX7 = 1%8-65-65 65° 65°
=60

Z
219
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Y

65°
z

Since XY = XZ, the triangle is isosceles and the angles opposite these equal
sides LXYZ and LXZY must also be equal.
So since LXZY = 65°, then LXYZ = 65° also.

The three angles in the triangle add up to 180°
- LYXZ = 180°- 65° - 65° = 50°

When one side of a triangle is extended, then the external angle so produced is
equal to the sum of the two interior opposite angles.

A

Interior

Opposite
Angles

" SL\\) R
.

A puv P30 2

Exterior Angle
Formed
B

D

C ¢
%0105 ap

4
20~

In other words, LACD = LABC + LBAC

Consider the following:-

A

7

58°

220
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Since the angle sum of a triangle is 180°, then LACB = 180° - 58° - 65° = 57°
Now BCD is a straight line, so LACB + LACD = 180°
Since LACB = 57°, then LACD = 180° — 57° = 123°

LACD (external angle)=LABC + LBAC

123° = 58° + 65°

Example 4

In the following diagram, find the angle LABC

A

i \Y\L\O’)
(o

oV
A W

D
LACB =180° - 130° = 50° (BCD is a straight line .. LACB + LACD = 180°)

Now since AB = BC the triangle ABC is isosceles and LBAC = LACB= 50°
LABC = 180° - 50° - 50° = 80°

/
20>
7

Congruent Triangles

Consider the two triangle ABC and PQR:

12 cm C Q 12 cm R

VRN U UL
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We can see that: AB=PQ also LA=1LP
BC=QR also LB =LQ
AC=PR also LC=LR
The six

elements (the three sides and the three angles) of AABC are

respectively equal to the six element of APQR. Such triangles are said to be
congruent and we write: AABC = APQR (=meaning congruent)

To prove that two triangles are congruent it is not necessary to prove all six
equalities. Any one of the following four conditions is sufficient: -

Three sides in one of the triangles equal to three sides in the other.

Two sides and the included angle (the angle between them) in one

of the triangles equal to two sides and the included angle in the
other.

One side and two angles in one of the triangles equal to one side
and two similarly placed angles in the other.

In the case of two right-angled triangles the hypotenuse and one

other side in one of the triangles equal to the hypotenuse and one
other side in the other.

It should be noted that there are three conditions that do not prove that two
triangles are congruent.

Examples

The three angles in one of the triangles equal to the three angles in
the other.

Two sides and a non-included angle in one of the triangles equal to
two sides and a non-included angle in the other.

Two angles and a non-corresponding side in one of the triangles
equal to two angles and a non-corresponding side in the other.

The following pairs of triangles are congruent:

2)
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e

A

5 B
deA put 131pH° 8/

AB=XY (Three sides of ABC are equal to the three sides of XYZ).
BC=YZ
AC=XZ
b)

B C X

A Y 2
AB=XZ
AC=XY
LBAC=LYXZ -
t.e. Two sides and the included angle in ABC equal to two sides and th(;jj
included angle in XYZ) @
c)
Y
- O
\
@X !
B @

LBAC=LYXZ
LACB=LXYZ

AB=XZ

(Two angles and one side in ABC equal to two angles and a similarly placed
side in XY7Z)

=

1
=
=]
g
=
&
=

3
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Similar Triangles

A pair of triangles are said to be similar if the sizes of the angles in one of
them are identical to those in the other.

@) (®)

The above triangles are similar and congruent because the three sides in (a) are

also the same size as those in (b). However it is possible to draw many
different sized triangles with the same angles.

4 4
2 3
1 1
1

(@)

LI
N
Chah

This is made clearer if we superimpose the three triangles.

The sides of the three triangles are clearly different but they are in the same

ratio of 1:2 for (a) and (b), 2:4 (or 1:2) in the case of (b) and (c) and 1:4 in the
case of (a) and ().

So besides being equiangular, if two triangles are similar their corresponding
sides are in the same razio (but not equal in length necessarily).
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Consider the following triangles:

A
/(O\
B 9 C
E
/\
F 27 G

AB:EF =5:15=3:1

ACEG =7:21=3:1
BC:FG =9:27=3:1

Note: It does not matter which pair of sides you compare as long as they are
corresponding sides. By corresponding sides we mean the sides opposite to
the equal angles. It is clear then that the triangles ABC and EFG are similar,
because their corresponding sides are all in the same ratio of 3:1.

~
B,
°)
-1
.
=

o)

5
2l

Calculations Involving Similar Triangles

If you are told that two triangles are equiangular then they are similar
triangles.

lon d[EA pur }_\\\"‘\“‘) ’

28

Example Triangles ABC and XYZ are equiangular.

A
B X C
Y Z
AB _ AC _ BC
> S i
225
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When solving problems on similar triangles, it helps if we write the two
triangles with the equal angles underneath each other.

i.e. If we have two similar triangles ABC and PQR, where L A = L P, LB =
LQand L C= LR, we can write:-

ABC
PQR

The equation connecting the corresponding sides of the triangles is found by

writing any two letters of the first triangle over the corresponding letters of the
second one.

Example 1 Find QR

ok L\O')
x¥\v’sw\

“Slron e pur _H‘.Pwr) -

Z
4
02 5o

In A ABC, LABC = 180° - (60° + 70°) = 50°
In APQR, LPRQ = 180° - (60° + 50°) = 70°

Therefore A’s ABC and PQR are equiangular (i.e. similar) so we can write:
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ABC _ AB _ BC _ AC
PQR ~ PQ QR PR
BC AC We include the ratio_‘

= with the two known

QR PR sides and the ratio

with the side we want.

15 12 We leave out ZI}_B
— —_ = — Q
QR 48 E}c;:.se we don’t kni
12QR = 15 x 48
_ 15x48
Q=
=60

Example 2

In the following diagram GH is parallel to EF. If DG = 3cm, EG = 2cm and
GH = 6cm, find the length of EF. 12 4

Dah _ D& _Gh P8
D DEF _ Dg  EF OF
11%

3 _ & "

¥ EY

3 cm T _ 6%5 __-{0%,
£F = = 3
6 cm A
2 cm &

E ’10 F

The first thing to notice here is that we are not told that the triangles are
similar, so we have to prove this.

227
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GEOMETRY, TRIGONOMETRY & GRAPHS

In A‘s DGH and DEF
LGDH = LEDF (Common Angle)

LDGH = LDEF (Corresponding angles since GH parallel to EF)

LDHG = LDFE (Corresponding angles since GH parallel to EF)
Therefore A’s DGH and DEF are similar (AAA)

DGH _ DG _ GH _ DH
BEE: @ DH G EE i DE

le 3 _ 6 |DH+DFare
5 o EF both unknown

EF:6X5

(SN}

EF =10

Check:
DG:DE=3:5
GH:EF=6:10=3:5

Note: (AAA) means (Angle, Angle, Angle) i.e. (condition for similarity of
triangles).

Radians and Radian Measure

Normally angles are measured in degrees or parts of a degree. A radian is a
larger unit that is used in trigonometry.

Definition. A radian is the angle subtended at the centre of a circle by an
arc which is equal in length to the radius of the circle.

In the diagram if the radius of the circle OQ is 1 unit and the length of the arc
PQ is 1 unit then the angle LPOQ is equal to 1 radian.
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In general:

length of
Angle in Radians = er.lgt 0 -arc U
radius of circle (r)
0 radians = :
t

Cross multiply 1 = r0

of the circle 0 subtended (formed) by the whole circumference is 2 radians.
The angle at the centre is also 360°.

So 27 radians = 360°

T radians = 180°

S

180° d
1 radian = h
ie 1 radian = 57.3° (1 dp)
To Convert Degrees to Radians
Since 180° = 1 radians
T radians
Then 1° = —
180
and | 0°= T, radians | — equation (1)
180
Equation (1)
229
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To Convert Radians to Degrees

Since T radians = 180°

180°
Then 1 radian =
oI
/ N\ o
[180x 0 \
0 rad Z\\\ nX : | | — equation (2)

Equation (2)

Example 1

Convert (a) 30° (b) 60° (c) 90° to radians

From (1) above:

T x 30 23

a) 30° = L radians
180 6

b) 60° = o Ul & L radians
180 2

) 90° = Lkl radians
180 2

Example 2

Convert 36° 27 13" to radians, giving your answer to 3 decimal places.

First of all, we must change the minutes and seconds into decimals of a degree.

Now since 60 seconds = 1 min and 60 minutes = 1°

Then there are: 60 x 60 = 3600 seconds in 1°.

So,
3GROT S bee bnies (361 S S e By
60 3600
Now since 0° = 43 radians
T x 36.454
Then 36.454° = —5—@5— = 0.636 radians (3 dp)
230
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Example 3

Convert 0.3628 radians into degrees, minutes and seconds.

180 x ©\°
T
180 x 0.3628
T

Now since 0 radians

then 0.3628 radians

= 20.7869°

If we take the decimal part and multiply by 60 we get

0.7869 x 60 = 47.214 minutes.

And again taking the decimal part and multiplying by 60 we get
0.214 x 60 = 12.84 or, 13 secs. (rounded)

So 0.3628 radians = 20° 47’ 137
The Components of a Circle

Major Area of Sector 2

Segment Minor
Segment
D Q

Minor
Arc

0~

2

Area of Circular Sector

Area of circle = mr? (subtended by 360°)
e

Area of sector = 360 (subtended by 1°)

Area of brended by 8° = o0
rea Or sector subtende y — 360

now since 360° = 27 radians

2

Area of sector subtended by 1 radian = P

2

27

Area of sector subtended by 0 radian = = %r%0

231
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Summarising we have:

2mre? it 1y :
Length of arc () = x 0° = 0 in degrees
g s e e grees]
21 % 3 :
Length of arc (1) = 2— x 0° =10 [0 in radians]
T
2 29
Area of sector = 372_r00 x 0 = % [0 in degrees]
45y
Area of sector = o= x8 =720 [0 in radians)

*18"6‘32

/-—-V
‘1 5?’1 m
Example 1

If the radius of a circle is r and 0 is the angle subtended by an arc, find the
length of the arc when r = 3m and 6 = 30°.

Tno ot ire () 21tr x O i 2x3.142 x 3 x 30 1 57m
360 360
or since 1 radian = 57.3°
1
then rads = 1°
3
1 5
and = x 30 rads = 30
i.e. Length of arc () = 1O
=3x ! x 30
3
=157m

Example 2

Find the area of the sector of a circle which has a radius 3cm and a sector angle

of 60° 2
Area = 0260 _ 3Mex3%ep | 9%3442 -/ 147 (W2
360 260
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mr20

Area of sector =

3142 X 3 X 3 X 60°

360

=471 cm?

or

since 1 radian = 57.3°

then

571_3>< 60 rads = 60°

Area of sector = Y2r?0
=Y X3 X3X @

57.3

=4.71 cm?

Example 3

If an arc of 65mm long subtends an angle of 45° at the centre of the circle,
find the radius of the circle.

21tr0° 2 x3.142 x r x 45

Length of arc () = = o
. O 360 360 /’
re.  65=0.78r %f.
oDy
i 03 5 a8
- ‘,‘DM m
0.7855 Thi(ircameon furene
r = 82.7 mm %tIS 3520 mm
M= 50 mr=
or again since 57.3° = 1 rad 2430 2520 e
1 Jp=5%0
1° = — ,\.\?\V T 2»3462
Bkt r=%2.15 mm
45° = x 45
57.3

= (.785 radians

Length of arc (I) = 10

_1
70
65
= —2
0.785
r = 82.8 mm

The answer differs slightly because of the approximations taken for 1 and the
number of degrees in 1 radian.

233
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Example 4

Find the area of the sector of a circle which has a radius of 78cm and a sector
angle of 134° 42’.

Now 134° 42’ = (134%%) 13470

2
P 20 . 3.142 x 78 x 78 x 134.7: 7152.5 cm?
360 360

or

Area of sector = V41?0

:1/2x78x78x13ﬁ
S5

=7151.1 ecm?

Again a slight difference in answers, because of the approximations taken.

Angles

When two straight lines meet at a point they form an angle. The angle between
X0 and 0Y is called the angle X0Y and is represented by LXOY.

X

O

Y
The actual size of the angle X0Y is a measure of how far the line 0X has been

rotated anticlockwise from 0Y assuming at the start they were lying on top of
each other.

If 0X continued to rotate it would eventually, after a full turn of 360°, come to

rest on 0Y again. So a rotation through a full circle is 360° and that through a
half-circle must be 180°.

There are various types of angles.
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An Obtuse Angle A Right Angle An Acute Angle
Greater than 90° but 90° T Pham BO°

less than 180°

N

A Straight Line Reflex Angle
180° Greater than 180°

If we consider a straight line XY and draw a second line WZ to it as shown, we
get two angles formed: LWZX (obtuse) and LWZY (acute).

W

180°

54k D
b

- \.T\"
S AW

2lo5 o 7 J31P3ED

Since the angle on the straight line XY is 180° then LWZX + LWZY = 180°

Angles of this type which add together to make 180° are called
supplementary angles.

>

g 2y

X

90°

235
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In the above diagram, the right angle LX0Y has been split to form the angles
LX0Z and LZ0Y. So LX0Z + LZ0Y = 90°. Angle of this type which add

together to make 90° are called complementary angles.

When two straight lines intersect, the opposite angles so formed are equal.

A D

BT

They are called vertically opposite angles. So in the diagram above

LAOC = LDOB (vertically opposite angles)

and

LAOD = LBOC (vertically opposite angles).
Examples
1. How many degrees are there in 2ofa right angle?

Since a right angle = 90° then % of a right angle = 2 % 90° = 36°

2. How many degrees are there in 0.8 of a right angle?

Since a right angle = 90° then 0.8 of a right angle = 0.8 X 90° = 72°

. 4
3. How many degrees are there in — of a full turn?

Since a full turn = 360°  then % X 360° = 288°

4. How many degrees are there in 0.38 of a full turn?

Since a full turn = 360°  then 0.38 of a full turn = 0.38 X 360° = 136.8°
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5. State which of the following angles are acute, obtuse or reflex.

T

0 v

a) =acute b) =reflex c) = obtuse  d) = acute

6. Two angles are supplementary. If one of them is 47°, what is the size of the
other?

Supplementary angles add up to 180° .. if one is 47°, the other must be
180° - 47° = 133°

7. Two angles are complimentary. If one of them is 31° what is the size of the
other?

Complimentary angles add up to 90° .. if one is 31°, the other must be>
90°- 31° = 59°. =

8. Find the value of the angle x in each of the following:-

A
~
|
B
)
=]
o
@) <
o
~
=
a

pe= -6t
X /62°
(b)
A

o”
AV
X

58°

a) The two angles x and 62° lie on a straight line. The sum of the angles on a
straight line is 180° .. x = 180° — 62° = 118°.

b) The two angles x and 58°, form a right angle between them. Since a right
angle = 90° then x = 90° — 58° = 32°
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Parallel Lines

Parallel lines are lines in the same plane that never meet irrespective of how far
they are produced in either direction.

When two parallel lines are cut by a third line called a transversal as shown in
the following diagram, then:-

<«—Transversal

P\ 9 -
=% s\t
=Y
P-w Parallel
Sz< Lines
w\ X . )
z\Y
1.

The corresponding angles are equal. ie. p=w;q=x;5 =2z ¢
-y

The alternate (Z angles) are equal. ie. s=%x; r=w

The interior angles add up to 180° (always/). In other words
they are supplementary angles.

Sos+ w=180°and r + x = 180°

The converse of the above is also true. If two straight lines are cut by a
transversal then the two lines are parallel if any one of the following exists.

e Two angles in corresponding positions are equal.

e Two angles in alternate positions are equal.

e Two of the interior angles add up to 180° (i.e. are supplementary).

238
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CHAPTER THREE
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Example 1

In the following diagram, the lines WX and YZ are parallel. Find the values of
the angles marked a, b, and c.

50°

X

1¥0—-50 =1%0

a

_1%9
(0
1805 b/ c 50°

1) ¢ = 50° (It is in the corresponding position to the angle 50° and the
corresponding angles are equal).

2) a =180° - 50° = 130° (a and c are interior angles and therefore add up to
180°)

3) b =130° (b is alternate to a, which = 130°, alternate angles are equal) %

Example 2

Find the values of a, b and ¢ from the following diagram.

1209 ”

o)
AL \eD

a

C

WD

a=120° (ais in the corresponding position to the angle 120°)

c = 120° (c is vertically opposite to a and vertically opposite angles are equal)

b = 60° (a and b lie on a straight line .. a + b = 180°
b = 180°-120° = 60°)

, SO since a = 120°,
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